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PREFACE. 



A LARGE number of the Theorems usually presented in text- 
books of Geometiy are unimportant in themselves and in no 
way connected with the subsequent Propositions. By spending 
too much time on things of little importance, the pupil is fre- 
quently unable to advance to those of the highest practical 
value. In this work, although no important Theorem has been 
omitted, not one has been introduced that is not necessary to 
the demo^stration of the last Theorem of the five Books, namely, 
tiiat in relation to the volume of a sphere. Thus the whole 
oonstitutes a single Theorem, without an unnecessary link in 
the chain of reasoning. 

These five Books, including Ratio and Proportion, are pre- 
sented in eighty-one Propositions, covering only seventy pages. 
This brevity has been attained by omitting all unconnected 
propositions, and adopting those definitions and demonstrations 
that lead by the shortest path to the desired end. At the close 
of each Book are Practical Questions, serving partly as a review, 
partly as practical applications of the principles of the Book, 
and partly as suggestions to the teacher. As those who have 
not had experience in discovering methods of demonstration 
have but little real acquaintance with Geometry, there have 
been added to each Book, for those who have the time and the 
ability. Theorems for original demonstration. These Exercises, 
with different methods of proving propositions already demon- 
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strated, include those tliat anf usually inserted, but whose dem- 
onstration in this work has been omitted. . In some of these 
Exercises references are given to the necessary propositions; in 
some suggestions are made; and in a few cases the figure is 
constructed as the proof will require. 

A sixth Book of Problems of Construction is added, which is 
followed by Problems for the pupil to solve. This Book, or any 
part of it, if thought best, can be taken immediately after com- 
pleting Book III. 

W. F. B. 

Cambridqe, Mass., April, 1872. 
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BOOK L 5 

to two angles (7) * ; therefore the sum of all the angles at the 
point B is equal to four right angles. 

THEOREM II. 

10* If at a point hi a straight line two other straight lines 
upon opposite sides of it make tlie sum of the adjacent angles equal 
to tvjo right angles, these two lines form a straight line. 

Let the straight line D B meet the 

two lines, AB^ BC, so as to make . 

^ J? i>4- 2)^(7= two right angles: / ^ 

then AB and BC form a straight . / ■"- ^ 

^ A ^ C 

line. B 

For a AB and B C do not form a straight line, draw BE m 
that A B and B E shall form a straight line ; then 

ABD + DBEz^ ivfo right angles (7) ; 
but by hypothesis, 

ABD + DBCzznUio right angles ; 
therefore DBEz=iDBG 

the part equal to the whole, which is absurd (Axiom 6) ; there- 
fore A B and B G form a straight line. 

THEOREM III. 

11 • If tvjo straight lines cvt each otiier, the vertical angles are 
equal. 

Let the two lines, AB, CD, cut each other at E] then 
AEC = DEB. 
For A ED is the supplement of both A ,^^^^^ ' ^^^^ D 

AEC and I) E B (S); therefore .J--^^^^^^^-^ 

AEG=iDEB G B 

In the same way it may be proved that 
AED = GEB 

* The figures alone refer to an article in the same Book ; in refeiTing to 
an article in another Book the number of the Book is prefixed. 
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8 PLANE GEOMETRY. 

3d. The internal angles on the same side, A GH and GH C, 
or BG II and GUI), are supplements of each other ; for AG H 
is the supplement of AGU (8), which has just been proved 
equal to GHC, In the same way it may be proved that BGH 
and GH D are supplements of each other. 

THEOREM VI. 

CONVERSE OP THEOREM V. 

18« If o, straigjit line cut two other straigM lines in the same 
plane, these two lines are parallel^ 

1st. If the opposite eocternal and internal angles are equaL 

2d. If the alternate internal angles are equaL 
' 3d. If the internal angles on the same side are supplements of 
each other. 

Let E F cut the two lines A B and 

CD so as to make EGB = GUD, 

or A Gil = GUD, or BGU and 

' G H D supplements of each other; 

then AE'vA parallel to CD, 

For, if through the point G a line 
is drawn parallel to C D, it will make the opposite external and 
internal angles equal, and the alternate internal angles equal, 
and the internal angles on the same side equal (17) ; therefore 
it must coincide with A B ; that is, A B i^ parallel to CD. 




PLANE FIGURES. 



DEFINITIONS. 



19. A Plane Egure is a portion of a plane bounded by lines 
either straight or curved. 

When the bounding lines are straight, the figure is a polygon, 
and the sum of the bounding lines is the pei^im^ter. 
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20* An Equilateral Polygon is one whose *sides are equal 
each to each. 

21* An Eqniangiilar Polygon is one whose angles are equal 
each to each. 

22. Polygons whose sides are respectively equal are mviually 
equilateral. 

23. Polygons whose angles are respectively equal are rmJtU' 
ally equiangular. 

Two equal sides, or two equal angles, one in each polygon, 
similarly situated, are called Iwmologous sides, or angles. 

24* Equal Polygons are those which, being applied to each 
other, exactly coincide. 

25* Of Polygons, the simplest has three sides, and is called 
a triangle ; one of four sides is called a quadrilateral', one of 
five, a pentagon ; one of six, a hexagon ; one of eight, an octagon ; 
one of ten, a decagon. 



TRIANGLES. 

26* A Scalene Triangle is one which has 
no two of its sides equal ; as -4 -5 C ^ 




E 



27* An Isosceles Triangle is one which has two 
of its sides equal ; q& D E F. 



28. An Equilateral Triangle is one whose 
cides are all equal ; as I G H, 

p ^n 




1* 



» 

r 
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10 PLANE GEOMETRY. 

29* A Bight Triangle is one which has a 
right angle ; as JKL. 

The side opposite the right angle 'is called 
the hypothenuse. 



30* An Obtuse-angled Triangle is one 

which has an obtuse angle; as MNO, j^. 



31* An Acute-angled Triangle is one whose angles are all 
acute ; t^ D E F, 

Acute and obtuse-angled triangles are called ohUque-afigled 
triangles. 

32* The side upon which any polygon is supposed to stand 
is generally called its hose; but in an isosceles triangle, as 
DEFy in which D E = E F, the third side D F m always 
considered the base. 

THEOREM VII. 

33* The sum of the angles of a triangle is equal to tioq right 
angles. 

Let ^ ^ C be a triangle ; the sum 
of its three angles, A, B, C, is equal 
to two right angles. 

Produce A (7, and draw C £> par- 
allel to ^ ^ ; then I) CE = A, be- .A 
ing external internal angles (17); 
BCD =z B, being alternate internal angles (17) ; hence 

DCB'\-BCD + BCA = A-^B-^BCA 
but DC E -^-BCD^-BC A ^tvfo right angles (7) ; 
therefore A -\' B -^ BC A=: two right angles. 

8I» Cor. 1. If two angles of a triangle are known, the thini 
can be found by subtracting their Bum &om two right angles. 
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S5« Cor. 2. If two triangles have two angles respectively 
equal, the remaining angles are equal. 



!• .Cor. 3. In a triangle there can bo but one right angle, 
or one obtuse angle. 

87» Cor. 4. In a right triangle the sum of the two acute 
angles is equal to a right angle. 

38* Cor. 5. Each angle of an equiangular triangle is equal ; 
to one third of two right angles, or two thirds of one right 

39* Cor. 6. If any side of a triangle is produced, the exte- 
rior ^gle is eqjfiSiX to the sum of the two interior and opposite. 



THEOREM VIII. 

40* Jf two triangles have two sides and the included angle of 
the one respectively equal to two sides and the included angle of the 
othery the two triangles are equal in all respects. 

In the triangles ABC, b E 

DEF, let the side AB 
equal DE, AC equal DF, 
and the angle A equal the 

angle D ; then the triangle ^ / \ ^ ^ 

ABC IB equal in all re- 
spects to the triangle D E F. 

Place the side -4 ^ on its equal D E, with the point A on the 
point Dj the point B will be on the point E, us AB is equal to 
D E ; then, as the angle A is equal to the angle B, AC will 
take the direction D F, and as -4 C is equal to D F, the point 
G vitt-be on the point F -, and BC will coincide with E F. 
TherijPl^ the two triangles* coincide, and are equal in all re- 
epects. 
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PLANE GEOMETRY. 



THEOREM IX. 



41 • If two triangles have two angles and the included side of 
the one respectively equal to two angles and the included side 
of the other, the two triangles are equal in all respects. 



E 




In the triangles ABC 
and DEF, let the angle 
A equal the angle Z), thq 
angle C equal the angle 
Fy and the side A C equal 
DF'y then the triangle 
AB C is equal in all respects to the triangle D E F, 

Place the side A C on its equal D F, with the point A on the 
point' i>, the point C will be on the point j^, as ^ C is equal to 
D F ; then, as the angle A is equal to the angle J), AB will 
take the direction BE; and as the angle C is equal to the 
angle F, C B will take the direction F E ; and the point B fall- 
ing at once in each of the lines D E and F E must be at their 
point of intersection E. Therefore the two triangles coincide, 
and are equal in all respects. 



THEOREM X. 

42* In an isosceles triangle the angles opposite the equal sides 
are equal. 

In the isosceles triangle AB C let B 

A B and BC he the equal sides ; then 
the angle A is equal to the angle C. 

Bisect the .angle ABO hj the line , 

BD; then the triangles ABB and 
BOB are equal, since they have the two sides A By B B, and 
the included angle ABB equal respectively to BC, B By and 
the included angle BBC (40) ; therefore the angle A = C. 

V 

43* Cor, 1. From the equality of the triangles ABB and 
BCB, AB = BC, and the angle ABB = BBC; that is, the 
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line that bisects the angle opposite the base of an isosceles tri- 
angle bisects the base at right angles ; also, the perpendicular 
bisecting the base of an isosceles triangle bisects the triangle. 
And, conversely, the perpendicular bisecting the base of an isos- 
celes triangle bisects the angle opposite, and also the triangle. 

44* Cor, 2. An equilateral triangle is equiangular. 

THEOREM XI. 

45* If two angles of a triangle are equals the sides opposite are 
also equal. 

In the triangle ABC, let the angle A 
equal the angle C \ then -4 ^ is equal to B C. 

For ii AB is not equal to BC^ suppose 
-4 ^ to be greater than B (7, and from A B 
cut gS AD equal to BC and join D C, The 
triangles ABC and ABC have the two sides 
AB^ AC, and the included angle -4, respectively equal to the 
two sides BC, AC, and the included angle BC A\ therefore 
the triangle AD C 'va equal to the triangle ABC (40), the part 
equ0.l to the whole, which is absurd. 

In the same way it can be shown that AB\% not less than 
BC \ therefore AB\% equal to B C, 

46* Cor, An equiangular triangle is equilateral. 

• THEOREM XII. 

47» The greater side of a triangle is opposite the greater angle ; 
and, conversely, the greater angle is opposite the greater side. 

In the triangle ABC let B bo greater 
than C ; then the side AC is greater 
than AB. ^ 

At the point B make the angle CBD 
equal to the angle C ; then (45) 
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DB = DC B 

SindAC=:AI) + I)C = AD-\'I)B 
But (Axiom 9) ^ 

A£>-\-I)ByAB 
therefore AC^AB 

Conversely/, Let A C ^ AB ; then the angle AB C ^ C, 

For if the angle ABC is not greater than the angle C, it 
must be either equal to it or less. It cannot be equal, because" 
then the side AB=zAC (45), which is contrary to the hypoth- 
esis. It cannot be less, because then, by the former part of 
this theorem, A B /I0A C, which is contrary to the hypothesis. 
Hence, the angle ABC ^ C. 



THEOREM XIII. 




48. Two triangles mutvxdly equilateral are equal in all respects. 

Let the triangle ABC 
have A By BC^ C A respec- 
tively equal to AD, D C, CA 
of the triangle ADC', then 
ABC is equal in all respects 
to ADC, 

Place the triangle ADC 
so that the base A C will co- 
incide with its equal A (7, but so that the vertex D will be 
on the side of A (7, opposite to B. Join B D, Since by hy- 
pothesis ABc=AD, ABD is an isosceles triangle ; and the 
angle ABD=zADB (42) ; also, since BC = CD, BCD is 
an isosceles triangle ; and the angle D BC "=. C D B \ there- 
fore the whole angle ABC'=.ADC\ therefore the triangles 
ABC and AD C, having two sides and the included angle of 
the one equal to two sides and the included angle of the other, 
are equal (40). 
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49* Scholium, In equal triangles the equal angles are oppo- 
site the equal sides. 



THEOREM XIV. 

50* Tv>o right triangles having tJie hypothenuse and a side 
of the one respectively equal to the hypothenuse and a side of the 
ether are equal in all respects. 

Let ABC have the hypothenuse A B 
and the side B G equal to the hypothe- 
nuse BD and the side BG oi BCD\ 
then are the two triangles equal in all 
respects. * 

Place the triangle BGD so that the side ^ (7 will coincide 
with its equal B C, then G D will bo in the same straight line 
with -4 C (10). An isosceles triangle ABDi^ thus formed, and 
B G being perpendicular to the base divides the triangle into 
the two equal triangles ABG and BGD (43). 




.i- 



THEOREM XV. 



51c If from a point without a straight line a perpendicular 
and oblique lines be drawn to this line, 

Ist. The perpendicular is shorter than any oblique line. 

■ 

2d. Any tnfo oblique lines equally distant from the perpendicu- 
lar are equal. 

3d. Of two oblique lines the more reTnote is the greater. 

Let A be the given point, BG the 
given line, A D the perpendicular, and 
A E, A By A G oblique lines. 

Ist. In the triangle ADE, the an- 
gle ADE being a right angle is greater than the angle AE D] 
therefore AD<^AE (47). 
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2d. If DE = DC\ then the two 
triangles ADE and ADC, having two 
sides AD, D Ey and the included angle 
ADE respectively equal to the two ^ 

sides ADy DCy and the mcluded angle ADC, are equal (40), 
and A E is equal to A C, 

3d. li DB ^ DEy then, since AED is an acute angle, 
AEB is obtuse, and must therefore be greater than ABE (36) j 
hence AB^AE (47). 

d3a Corollary. Two equal oblique lines are equally distant 
from the perpendicular. 



THEOREM XVI. 

SS» If at the middle of a straight line a perpendicular is 
draum, 

1st. Any point in the perpendicidar is equally distant from the 
extremities of the line, 

2d. Any spirit without the perpendicular is unequally distant 
from the same extremities. 

Let CD he the perpendicular at the middle E 

of the line A B ; then ^/\ 

1st. Let D be any point in the perpendicu- / 

lar; draw DA and DB. Smce CA = C B, ^ / 
DA = DB (51), • "X" 



/ 

/ 






/ 



/ 



2d. Let E be any point without the perpen- \ 

dicular ; draw EA and EBy and from the point - ^' 
Dy where EA cuts D (7, draw D B. The an- 
gle ABE^ABD = BAD] hence, in the triangle A EB, 
since the angle A BE ;> BAD, EA '> EB (47). 
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QUADRILATERALS. 



DEFINITIONS. 



54t A Trapezium is a quadilateral which 
has no two of its sides parallel ; as ^ J? CD, 




E 



F 



G 



55* A Trapezoid is a quadrilateral 
-which has only two of its sides parallel ; 

56* A Parallelogram is a quadrilateral whose opposite sides 
are parallel; as IJKI(, or if iV^O)^, orQifSkor i7 )f IFX 

/ ,J 

51 • A Bectangle is a right-angled parallel- 
ogram ; as I^KX* 



K 



58* A Sqnaie is an equilateral rectangle ; 




B 



59* A Bhomboid is an oblique-angled par- 
allelogram ; OR QSS f. 



60* A Bhombiis is an equilateral rhomboid ; 
oaUVWX. 



s 



Q T 

U V 



X W 

61. A IMaPfOnal is a line joining the vertices of two angles 
not adjacent ; ^^ B B, 
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THEOREM XVII. 

62* The opposite sides and angles of a parallelogram are equal 
to each other, 

m 

Let ABC JD he a parallelogram ; then -^ ^ 

will AB = DC,BC = AD, the angle 
A = C, (mdB = n, 

Draw the diagonal BB. As BC and A b 

A D are parallel, the alternate angles C B D and B D A are 
equal (17); and as AB and DC are parallel, the alternate 
angles AB D and B t> G are equal ; therefore the two triangles 
ABB and B D Cy having the two angles equal, and the in- 
cluded side j5Z) common, are equal (41) ; and the sides opposite 
the equal angles are equal, viz. : AB •=. DC and BC "=. AD\ 
also the angle Az=z C, and the angle 

ABC=ABD + DBC = BDC'\-BDA=ADG 

63 1 Cor. 1. The diagonal divides a parallelogram into two 
equal tri^gles. 

64 1 Cor, 2. Parallels included between parallels are equaL 

THEOREM XVIII. 

65 1 If ttvo sides of a quadrilateral are equal and parallel^ ike 
figure is a parallelogram. 

Let ABCJDhe a, quadrilateral having B^ O 

B C equal and parallel to A JD ; then 
AB CD is a parallelogram. 

Draw the diagonal BB. As BC is A Z> 

jmrallel to AB, the alternate angles fiBB and BBA are equal 
(17); therefore the two triangles CBB and BBA, having 
the two sides CB, B B, and the included angle CBB respec- 
tively equal to the two sides AB, B B, and the included angto 
ABB, are equal (40), and B C is equal to A B, and the alter- 
nate angles ABB and BBC are equal ; therefore A B ia pa3> 
allel to BC (18), and ABC B isa parallelogram. 
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THEOREM XIX. 

66t The line joining the middle points of the two sides of a 
trapezoid whi^h are not parallel is parallel to the two parallel 
sides, and eqttal to half their sum. 

Let J^JPjoin the middle points of the sides AB and C B, 
which are not parallel, of the trapezoid ABC JD ; then 

Ist. BF is parallel to BC and AB. jj O C- 

Through F draw G H parallel to B A, 
meeting A D produced in H. The an- e\ — 
glesC^^Candi^jPiJ^are equal (11); ^^ 



/V 




also the angles G C F ^^ F D H (y^t)\ d"'~H 

and the side G F\& equal to FJD ; therefore the triangles GFC 
and DFHtiHre equal (41), and 

GF=Fff=iGff 

m 

But BS ABGHi&a, parallelogram, GH=^ BA (62) ; therefore 

FH=^BA = AF 

therefore AE F H is a parallelogram (65), and FFia parallel 
to A D, and therefore also to B C. 

2d. FF=^{AD^BC) 

For as A EFE and EB G F are parallelograms 

EF=AH=AD'^rJ^^ 
andalso EF=BG =BC —GO 

Now, as the two triangles GFC and DFH are equal, 
6G = DH) therefore, if we add the two equations, we 
shall have 

or . EF=)^{AD'\-BC) 
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THEOREM XX. 

67# The sum of the interior angles of a polygon is equal to 
turice as many right angles as it has sides minus two. 

Let ABC D BF be the given polygon ; q 

the sum of all the interior angles A, B, (7, /""^^^^^^''Nv 

D, E, F, is equal to twice as many right -^l.' -^D 

angles as the figure has sides minus two. \ ^^^--^ / 

. For if from any vertex Ay diagonals A (7, > ""--^^ 

AD, AEy are drawn, the polygon will be 
divided into as many triangles as it has sides minus two ; and 
the sum of the angles of each triangle is equal to two right 
angles (33) ; therefore the sum of the angles of all the triangles, 
that is, the sum of the interior angles of the polygon, is equal to 
twice as many right angles as the polygon has sides minus two. 
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PRACTICAL QUESTIONS. 



1. Bo two lines that do not meet fonn an angle with each other ? Two 
lines not in the same plane ? 

2. Does the magnitude of an angle depend upon the length of its sides ? 

8. If a right angle is 90°, what is the complement of an angle of 27" ? 
of 51° ? of 91° ? of 153° ? What is the supplement of an angle of 13" f 
of 83° ? of 97° ? of 217° ? 

4. If three of four angles formed at a point on the same side of a straight 
line, in the same plane, contain respectively 15°, 27°, and 99°, how many 
degrees does the fourth angle contain ? 

6. If five of six angles formed in a plane ahout a point are respectively 
11°, 53°, 74°, 19°, and 117°, how many degrees are there in the sixth angle? 

6. On opposite sides of a line A B are two lines making with A B, at 
the point A, the first an angle of 29°, and the second an angle of 61° ; how 
are these two lines related ? • 
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7. Can two polygons, each not equilateral, be miUualli/ equilateral ? j 

8. Can two polygons, each not equiangular, be mutyMlly eqtiiangular ? 

9. If two angles of a triangle are respectively 32" and 43°, how many 
degrees are there in the remaining angle ? 

10. If one acute angle of a right triangle is 24", how many degrees pre 
there in the other acute angle ? 

11. How many degrees in each angle of an equiangular triangle ? ^ ' 

12. How many degrees in each ^ngle at the base of an isosceles triangle 
whose vertical angle is 14° ? o ^ 

13. How many degrees in each acute angle of a right-angled isosceles 
triangle \ ^* ^ ■ ' 

14. If one of the angles at the base of an isosceles triangle is double 
the angle at the vertex, how many degrees in each ? .- 

15. If the angle at the vertex of an isosceles triangle is double one of 
the angles at base, how many degrees in each ? 

• 16. Two triangles mutually equilateral are equiangular '(48). Are two 
triangles mutually equiangular also equilateral ? 

17. Is a square a parallelogram ? Is a parallelogram % square ? 

18. Is a rectangle a parallelogram ? Is a parallelogram a rectangle ? 
/ 

19. How many sides equal to one another can there be in a trapezoid ? 

How many in a trapezium ? - 

20. How many degrees in each angle of an equiangular pentagon ? an 
equiangular hexagon ? octagon ? decagon ? dodecagon ? 

21. If the parallel sides of a trapezoid are respectively 8 feet and 13 feet 
in length, how long is the line joining the middle points of the other two ' 
sides? 

22. If one of the angles of a parallelogram is 120°, how many degrees 
are tbere in each of the other angles ? 
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EXERCISES. 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupiL 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

88* Two angles whose sides have, one pair the same, the other 
opposite directions, are supplements of each other. (12.) (8.) 

69t Any side of a triangle is less than the sum, but greater than 
the difference, of the other two. (Aodom 9.) 

70i The sum of the lines drawn from a point within a triangle to 
the extremities of one of the sides is less than the sum of tlje other 
two sides. 

Produce one of the lines to the side of the triangle. (Axiom 9.) 

71 # The angle included by the, lines drawn from a point within a 
triangle to the extremities of one of the sides is greater than the 
angle included by the other two sides. 

Produce as in (70). (39.) 

72i > The angle at the base of an isosceles triangle being one fourth 
of the angle at the vertex, if a perpendicular is drawn to the base at 
its extreme point meeting the opposite side produced, the triangle 
formed by the perpendicular, the side produced, and the remaining 
side of the triangle is equilateral. 

73 • If an isosceles and an equilateral triangle have the same base, 
and if the vertex of the inner triangle is equally distant from the ver- 
tex of the outer and the extremities of the base, then the angle at 
the base of the isosceles triangle is J or J of its vertical angle, accord- 
ing as it is the inner or the outer triangle. 

■ 

74 # Prove Theorem YII. by first drawing a line through B par- 
allel to A C. 

75 # Prove Theorem YII. by drawing a triangle upon the floor, 
walking over its perimeter, and turning at each vertex through an 
angle equal to the angle at that vertex. 
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76« Only one perpendicular can be drawn from a point to a straight 
line. 

(Two cases. 1st. "When the point is without the line. 2d. When 
the point is within the line.) 

77* Two straight lines perpendicular to a third are parallel. (13.) 

78* If a Une joining two parallels is bisected, any other l^ne drawn 
tlirough the point of bisection and joining the parallels is bisected. 

79* If two triangles have two sides of one 'B 

m 

respectively equal to two sides of the other, but 
the included angles unequal, the third side of the 
one having the included angle greater is greater ■ 
than the third side of the other. 

(Place the triangles as in the figure; draw BU -4' 
bisecting the- angle CBD, and join C and U.) 

80* (Converse of 79.) If two triangles have two sides of one 
respectively equal to two sides of the other, but the third sides un- 
equal, the included angle of the one having the third side greater is 
greater than the included angle of the other. 

(Prove it by proving arly other supposition absurd.) 

« 

81* Prove in Theorem XIII. the angles of the two triangles 
equal by reference to (79) ; then that the triangles are equal by (40) 
or (41). 

82* (Converse of part of 62.) If the opposite sides of a quad- 
rilateral are equal, the figure is a parallelogram. 

83« (Converse of part of 62.) If the opposite angles of a quadri- 
lateral are equal, the figure is a parallelogram. 

84« (Converse of 63.) If a diagonal divides a quadrilateral into 
two equal triangles, is the figure necessarily a parallelogram ? 

85 1 The diagonals of a parallelogram bisect each other. 

86* (Converse of 85.) If the diagonals of a quadrilateral bisect 
each other, the figure is a parallelogram. 

87# The diagonals of a rhombus bisect each other at right angles. 
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88* (Converse of 87.) If the diagonals of a quadrilateral bisect 
each other at right angles, the figure is a rhombus. 

89# .The diagonals of a rectangle are equal 

09« The diagonals of a rhombus bisect the angles of the rhombus. 

9\» Straight lines bisecting the adjacent angles of a parallelogram 
are perpendicular to each oth^. 

92 1 From the vertices of a parallelogram measure equal distances 
upon the sides in order. The lines joining these points on the sides 
form a parallelogram. 

93t Prove Theorem XX. by joining any point within to the ver- 
tices of the polygon. 



94 a If the sides of a polygon, as 
A B C D EFy are produced, the sum of 
the angles a, 6, c, c?, e, /, is equal to four 
right angles. 



%5t If a pavement is to be laid with blocks of the same regular 
form, prove that their upper faces must be equilateral triangles, 
squares, or hexagons. (G7.) (9.) 




If two kinds of regular figures, with sides of the same length, 
are to be used at each angular point, show that the pavement can be 
laid only with blocks whose upper faces are, 

1st. Triangles and squares. 
2d. Triangles and hexagons. 
3d. Triangles and dodecagons. 
4th. Squares and octagons. 
How many of each must there be at each angular point ? 

97 • If three kinds of regular figures, with sides of the same 
length, are to be used at each angular point, show that the pavement 
can be laid only with blocks whose upper faces are, 
1st. Triangles, squares, and hexagons. 
2d. Squares, hexagons, and dodecagons. 
How many of each must there be at each angular point ? 



EATIO AND PEOPOKTIOK 

DEFINITIONS. 

(It is necessary to understand the elementaiy principles of ratio anu pro- 
portion before entering upon the Books that are to follow. It is therefore 
introduced here, but not numbered as one of the Books of Geometry, as it 
belongs properly to Algebra. Reference to the propositioiis in ratio and 
proportion will be made by the abbreviation Pn., with the number of the 
article annexed.) 

!• Batio is the relation of one quantity to another of the 
same kind ; or it is the quotient which arises from dividing one 
quantity by another of the same kind. 

Batio is indicated by writing the two quantities after one an- 
other with two dots between, or by expressing the division in 
the form of a fraction. Thus, the ratio of a to 6 is written, 

a : b, OT t; read, a is to 6, or a divided by b. 

•0 

2« The Terms of a ratio are the quantities compared, whether 
simple or compound. 

The first term of a ratio is called the antecedent^ the other 
the conseqttent ; the two terms together are called, a couplet, 

3« An Inverse or Beciprocal Eatio of any two quantities is 
the ratio of their reciprocals. Thus, the direct ratio of a to 6 

is a : b, that is, -r : the inverse ratio of a to & is - : 7, that is, 

b' ah 

- -!- T = -, or : a, 
aha 

4« Proportion is an equality of ratios. Four quantities are 

in proportion when the ratio of the first to the second is equal 

to the ratio of the third to the fourth. 

2 



26 PLANE GEOMETRY. 

The equality of two ratios is indicated by the sign of equality 
(=), or by four dots (: :). 

Thus, a :b = c : d, or a : b : : c : d, or - ^= -: read a to 5 

a 

equals c to (f, or a is to ft as c is to d, or a divided by b equals c 
divided by d, 

S» In a proportion the antecedents and consequents of the 
two ratios are respectively the antecedents and consequents of the 
proportion. The first and fourth terms are called the extremes, 
and the second and third the means, 

6« When three quantities are in proportion, e. g. a : 6 = 6 : c, 
the second is called a mean proportional between the other two ; 
and the third, a third proportional to the first and second. 

7, A proportion is transformed by Alternation when antece- 
dent is compared with antecedent, and consequent with conse- 
quent. 

8i A proportion is transformed by Inversion when the ante- 
cedents are made consequents, and the consequents antece- 
dents. 

9a A proportion is transformed by Composition when in each 
couplet the sum of the antecedent and consequent is compared 
with the antecedent or with the consequent. 

10* A proportion is transformed by Division when in each 
couplet the difference of the antecedent and consequent is com- 
l)ared with the antecedent .or with the consequent. 

11, Axiom. Two ratios respectively equal to a third are 
equal to each other. 
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THEOREM I. 

12. In a proportion the product of the extremes is equal to 
the product of the means. 

Let a :h=ic \ d 

that is 7 = - 

o a 

Clearing of fractions ad=:bc 

13* Scholium. A proportion is an equation; and making 
the product of the extremes equal to the product of the means 
is merely clearing the equation of fractions. 



THEOREM II. 

14* If the product of two quantities is equal to the product of 
tvH) ethers, the factors of either product may he made tfie extremes^ 
arid the factors of the other the means of a proportion. 

Let ad = be 

Dividing hj bd h^^d 

that is a :h = c : d 



THEOREM III. 

15 • If four quantities are in proportion, they will be in pro- 
portion by alternation. 

Let a : b =z c : d 

By (12) ad = bc 

By (14) . a\c — b'.d 
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» 

THEOREM IV. 

16* If four qwmtUies are in proportion^ they will he in pro 
portion hy inversion. 



Let 


a : h — c : d 


By (12) 


ad he 


By(U) ; 


h : a — d : c 




THEOREM V. 



17# TffoMr quantities are in proportion, they vdll he in pro- 
portion hy composition. 



Let a : h =:c : d 

that is 



a c 

h~d 

Adding 1 to each member -^ -|- 1 = - -|- 1 



or 



h ' d 

a~\-h c-]- d 



that is a-^hihzzzc-^^did) 



THEOREM VI. 

18# If four quantities are in proportion, they mil he in pro- 
portion hy division. 



Let a :h = c : d 

that is 



a c 

h~d 



Subtracting 1 from each member - — ^^^ji — ^ 

a — h c — d 

or = • 

b d 

that is a — 6:6 = c — d :d 
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19t Corollary. From (17) and (18), by means of (15) and 

(11), 

If a \h =.c \ d 

then a-\-h : a — hz^c^-dic — d 



THEOREM VH. 

20* Equimultiples of tioo quantities have tlie same ratio as the 
qtiantities themselves, 

-, a ma 

o mo 
that is a :h = ma : mb 

21 • Corollary, It follows that either couplet of a proportion 
may be multiplied or divided by any quantity, and the result- 
ing quantities will be in proportion. And since by (15), if 
a : b = ma : mh, aim- cf: :6 : w 6 or ma : a ^ mh : h, it 
follows that both consequents, or both antecedents, may be 
multiplied or divided by any quantity, and the resulting quan- 
tities will be in proportion. 



THEOREM VIII. 

22 • If four quantities are in jyroportiony like powers or like 
roots of tJiese quantities mil be in proportion. 

Let a :b = c : d 

that is 

Hence 
that is 

Since n may be either integral or fractional, the theorem is 
proved. 

J 





a c 
h d 




6*» 4"^ 


a" 


: 6** c^ :d^ 
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THEOREM IX. 

23* If dv^y number of quantities are proportional, any antece- 
dent is to its consequent as the sum of all the antecedents is to the 
sum of all the consequents. 



Let 




a ih c : d e :f 


Now 




ah ah (A) 


and by (12) 




ad — he (B) 


and also . 




af—he (C) 


Adding (A), (B), (C) 


a(6 + ^ 


i+/) h{a + c^e) 


Hence, by (U) 




a:h — a-\-c-\-e:b-\-d -j-/ 




THEOREM X. 



21* If there are two sets of quantities in proportion, their pro- 
ducts, or quotients, term by term, tmll he in proportion. 

Let a : h = c : d 

and e \f-=.g \h 

By (12) ad — he (A) 

and eh-=.fg (B) 

Multiplying (A) by (B) adeh = hcfg (C) 

Dividing (A) by (B) ^=)^ (D) 

From (C) by (U) ae :hf=icg :dh 

and from (D) - ; - =r - : t 

6 f 9 h 



{ 



\ 
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EELATIONS OF POLYGONS. 

DEFINITIONS. 

It The Area of a polygon is the measure of its surface. It 
is expressed in units, which represent the number of times the 
polygon contains the square unit that is taken as a standard. 

2« Eqnivaleiit Polygons are those which have the same area. 

B 

3i The Altitude of a triangle is the perpendic- 
ular distance from the opposite vertex to the base ; 
asi?2>. 



4t The Altitude of a parallelogram is the 
perpendicular distance from the opposite side 
to the base ; as IK, 

St The Altitude of a trapezoid is the 
perpendicular distance between its paral- 
lel sides; a& FH. 




E 
M 



K a 

P N 



/ 



B 







THEOEEM I. 



6* TiDo polygons mutually equiangular and equilateral are 
equal. 



Let ABC DBF and 
GlIIKLM be two poly- 
gons having the sides A 
AB,BC,CD,DE,EF, 
FA and the angles A, B, 




-D G 
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C, D, E, F of the one re- 
epectively equal to the 

L M, M G, and the iinglep 
G, II, I, K, L, M of the 
other ; then is the poly- 
Qon.ABC'DEFQi]aa\^ to the polygon GHIKLM. 

For if the polygon AUG DEF is applied to the polygon 
(?if/7iriil/ 60 that ^-B shall be on Gil with the point ^ on 
tf, B will faU on /f, as ^ S and GH are equal ; and aa the 
angled is equal to the angle //, BC will take the direction 
///; and as -BC is equal to HI, the point C will fall oa /; 
and 80 also the points D, E, F will fall on the points K, L, M; 
and the polygon ABGDEF will coincide with' the polygon 
GHIKLM, and therefore he equal to it. 



S ] 



7. The, area of a rectangle is eqttal to the product of its bait 
and altitude. 

Lot ABC D be ft rectangle ; its area n o p Q n c 
= AD X AB. 

Suppose A B and AB to \ia divided 
into any number of equal parts, A E, 
EF, AH, HI, &c., and through the 
points of division, lines EL, FM, HO, 
IP, 4c. bo drawn parallel to the sides of 
the rectangle ; then the rectangle will he divided into squares^ 
these squares will be equal to each other (6). If one of the 
equal parts, AE, represents the linear unit, then one of the 
squares, A ESH, represents the square unit ; and there will bs 
as many square units in the rectangle A E LH as there -are 
linear miits in A D ; and as many square units in the rectaugle 
A B CD as there are square units in A ELD nmltipliod by the 
number representing the number of linear units in A3 ; that 



// / 



A' Ji 
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is, the area of the rectangle is equal to the product of its base 
and altitude, that is = AD X -4 J5. 

8t Scholmm, If AD and A B have no common measure,, 
the linear unit may be taken as small as we please, that is, so 
small that the remainders will be infinitesimal, and can be neg- 
lected. 

9« Corollary, The area of a square is the square of one of 
its sides. 

THEOREM III. 

lOi The area of a parallelogram is equal to the product of its 
hose and altitude. 

Let D F ho the altitude of the paral- EB F C 

lelogram A BC D; then the area of 

ABCD = ADX BF. 

At A draw the perpendicular A E meet- A- D 

ing CB produced in E , AEFB is a rectangle equivalent to 
the parallelogram ABC D, For the two triangles AE B and 
DFCy having tlie sides AE, AB equal respectively to the 
sides D F, DC (I. G4), and the included angle E AB equal to 
the included angle F D G (I. 12), are equal. Adding D F C to 
the common part ABFD gives the parallelogram ABCD\ 
and adding its equal A EB to the common part A BF B, gives 
the rectangle AEFB; therefore the parallelogram A BC B is 
equivalent to the rectangle AEFB; but the area of the rec- 
tangle = A B X BF (7); therefore the area of the parallelo- 
gram =iAB X BF. 

THEOREM IV. 

m 

11« The area of a triangle is equal to half the product of its 
hose and cUtitude, 

Let BBhe the altitude of the triangle ABC; then the area 
of ABC = ^ACX EB. 

2* 
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A 1) 



Draw CE parallel to AB, and BE 
parallel to A (7, forming the parallelogram 
ABEC. The triangle ABCm one half 
the parallelogram ABEC (I. G3) ; the 
area of the parallelogram =: AC X B D 
(10) ; therefore the area of the triangle = J ^ (7 X B D. 

12i Cor. 1. Triangles are to each other as the products of 
their bases and altitudes. For if A and a represent the alti- 
tudes of two triangles T and <, and B and h their bases, their 
areas are ^ A X ^ and ^ a X ^ ; therefore 

T :t = iA X B :)^aXh 
or (Pn. 21) T:t = A X B :aX b 

13i Cor. 2. Triangles having equal bases are as their alti- 
tudes ; those having equal altitudes as their bases. For in the 
proportion above, if jB = 6, or ^ = a, the equals can be can- 
celled from the second ratio (Pn. 21). . 

THEOREM V. ' ^ 

ll« Tlie area of a trapezoid is eqiial to half the product of iu 
altitude and the sum of its parallel sides. 

Let EF be the altitude of the trape- 
zoid A B CD ; then the area of AB CD 
!=^EFX (BC + AB). 

Draw the diagonal B D ; it will di- 
vide the trapezoid into two triangles, 
ABB, BCD, having the same alti- 
tude EF SiS the trapezoid. 

By (11) the area of BCD = ^EFX EC 

and the area of ABD = ^ EF'X A D 

Therefore the area of the trapezoid =i^ EF X {BC-\-AI)}. 

IS. Corollary. As (I. 66) the line joining the middle points 
of the sides AB and CD of the trapezoid = 1{BC+AD), 



B 


E 


c 


/X 


N 


"A 


/ 


'^s, 


\ 


/ ^ 


~ 


\\ 



D 






/ 


• 




)i .M 


• c^ 


/ 

/ 


BOOK 


II. • 





^V. o 



/ c^. 



35 




therefore the area of a trapezoid is equal to the product of its 
altitude and the line joining the middle points of the sides 
which are not parallel. 

THEOREM YI. 

16* A line drawn parallel to one side of a triangle divides iKe 
other sides proportionally. 

In the triangle ABC let i> ^ be drawn B 

parallel to B C ; then 

AE:EG=AD . D B 
Draw DC aLudBU; the triangles ADJEJ 
and E D C, having the same vertex D, have 
the same altitude ; therefore (13) 

AD E'.EDC = AE',EC 
And the triangles AD E and D E B, having the same vertex E, 
have the same altitude; therefore (13) 

ADE :DEB=AD :DB 
But the triangles EDO and DEB are equivalent (11), since 
they have the same base D E and the same altitude, viz., the 
perpendicular distance between the two parallels DE and BC. 
Therefore (Pn. 11) AE':EC=AD :DB 

17t Corollary. As 

AE:EC = AD :DB 
by(Pn. 17) AE:AE + EC = AD lAD-^-DB 
that is AE : A<! =AD:AB 

or(Pn. IG) AC:AE = AB:AD 

THEOREM YII. 

CONVERSE OF THEOREM VI, 

18t A line dividing two sides of a trian{/le proportionally is 
parallel to the third side of the triangle. 

In the triangle ABC if D E divides A B and A C so that 
AE :EC — AD :DB, then D E is parallel to B C. 
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For if 2)^ is not parallel to BC, through 
D draw D F parallel to BC', then (16) 

AD:DB = AF:FC 
But by hypothesis 

AD :DB = AE',EC 
Therefore (Pn. 11) 

AF.FC'=AE:EO 
or(Pn. 15) AF:AE = FC :EC 

But this proportion is absurd ; for ^Z' is less than AE, whQe 
FG is greater than E 6 ; therefore D E is parallel to BO, 




19i Definition, Similar Polygons are those which are mutu- 
ally equiangular, -and have tlicir homologous sides, that is, the 
sides including the corresponding angles, proportional. 




THEOREM VIII. 

20t Two triangles mutually equiangular are similar. 

In the two triangles ABC, 
D E F, let the angle A = D, 
B = E, and C=F; then the ^ 
triangles are similar. 

As the triangles are equian- 
gular, we have only to prove 
the homologous sides proportional. Cut oQ AG and A II equal 
respectively to DE and DF, and join GH\ the triangle AGE 
is equal to D E F (I. 40), and the angle AGII^=E; but 
E = B) therefore AG 11= B, and G H is parallel to BC 
(I. 18); and (17) 

AB:AG = AC:AH 
or AB,DEz=zAC:DF 

In hke manner it may be proved that 

AB'.DE = BC:EF=AC:DF 

21. Corollary. Two triangles whose sides are equally in- 
clined to each other are similar. For if one of the triaui^fe* h 
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turned through an angle equal to the angle of inclination of 
the sides, the sides of the triangles become respectively parallel ; 
they are therefore equiangular (I. 12) and similar (20). 



THEOREM IX. 



iit The altiticdes of two similar triangles are 2>T^oportional to 
the liomologotLS sides. 



Let £G and E II be the alti- 
tudes of the simihu" triangles 
ABC and DBF; then 

BG',EH — AB',DEz=z 
AC '.DF=zBG :EF 

For the two right triangles 




y; 



c D 




ABG, DEII are equiangular (I. 35), and similar (20) ; therefore 
BG:ElIi=iAB:DE = AC :DF = BC :EF 



\ 



THEOREM Xi 

23 • Two triangles having an angle of the one equal to an angle 
of the other, and tlie sides including these angles proportional, are 
similar. 

In the triangles ABC.DEF 
let tLe angle A'= D and 

AB:DE=zAC',DF 

then the triangles ABC and 
D E F are similar. 

Cut off ^ 6? and A II Re- 
spectively equal to D E and D F, and join G H\ the triangle 
A Gil = BEF, and the angle AGIIz=iE (I. 40). 

By hypothesis A B . I) E = AC . D F 

or AB :AG = AC ',AII 

that is, the sides AB, AC arc divided pro])ortionally bj the 

^J( ' ■ 
1 
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line G II ) therefore GU is parallel to -5 (7 (18), and the angle 
AGH = B (I. 18) ; but the angle AGH := E; therefore 
B = E, and the two triangles are mutually equiangular an''. 
therefore similar (20). / ; 

THEOREM XI. 

21 1 In a right triangle the perpendicular drawn from the ver- 
tex of the right angle to the hypothenuse divides the triangle into 
two triangles similar to the whole triangle and to each other. 

In the right triangle AB C if B D is B 

drawn from the vertex B of the right 
angle to the hypothenuse A C, the two / 

triangles A B D, BCD are similar to ^ L — i ^^C^ 

A B C and to each other. 

The two right triangles A B D and ABC have the acute an- 
gle ^-1 common; they are therefore equiangular (I. 35), and simi- 
lar (20). The two right triangles ABC and BCD have the 
acute angle C comfiaon ; therefore they are equiangular and 
similar. The two triangles ABD and BCD, being each similar 
to A BC, are similar to each other. 

2S« Cor, 1. Since ABC and ABD are similar triangles 

AC :AB = AB :AD 

And since ABC and BC D axe similar 

AC :CB=CB:CD 

that is, i7i a right triangle either side about the right angle is a 
mean proportional between the whole hypothenuse and the segment 
adjacent to that side cut off by the perpendicular drawn from the 
vertex of the rigid angle to the hypothenuse, 

26* Cor, 2. As A BD and BCD are similar triangles 

AD :DBz=zDB :DC 
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that is, in a right triangle the perpendicular from the vertex of 
the right angle is a mean proportional between the segments of the 
hose. 



THEOREM XII. ^ 

VI % The square described on the hypothenuse of a right angle As . 
equivalent to the sum of the squares descried upon the other two 
sides. 

LetABChe a ^triangle right- 
angled at B ; then 

To' = AB^ -\- BG^ 

On the three sides construct 
squares, draw B D perpendicu- 
lar to A C, and produce it to 
FE', DC EL is a rectangle 
■whose area is (7) 

CEX CD=ACXCD 

The area of the square (9) 
BIKC — BC'' 

But (25) 

or ACXCn = BC 




AC \BC — BC \GD 

2 



that is, the square BIKC is equivalent to the rectangle DC EL, 
In the same way the square AG H B can be proved equivalent 
to the rectangle A D L F : therefore the sum of the two rec- 
tangles, that is, the square AGEFis equivalent to the sum of 
the squares B IK G and A G RB ; or 

J7J' = AB^ + BG"" 
28 f GoToUary, Since 



AG =AB^-\-BG 



BC =AC 



>2 



AS" 



and 



BG =^AG^ — AB^ 



>--:. 



/ 
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THEOREM XIII. 

29i Similar triangles are to each other <M ihe sqwires of their 

homologous sides. 

Let ABC and 2) EF be two 

similar triangles ; then 

A BC : D E F ='AC'' : DF^ 

Draw B G and EH perpendic- 
ular respectively Ui AC and D F', 
then (22) ^ g 

BG:EH=AG :DF 
this multiplied by the proportion 

\AG '.\DF=AV ',BF 
gives \ACy^BG',\BFy^ E H = AV"" . D F'^ 
but ^ACXBG is the area of ABC, and \DFX E H ]& 
the area oi D E F {W) ] therefore 




C D 




ABC \BEF=AC^ \DF: 



.^ 



THEOREM XIV. 



30i Similar polygons can he divided into the same number of 
similar triangles. 




D G^ 




Let ABC B E F and 
GUIKLM be similar poly- 
gons ; they can be divided A 
into the same number of sim- 
ilar triangles. F E 

From the homologous angles A and G draw the diagonals 
AC, A D, A E, GI, G K, and G L ; these diagonals divide the 
polygons as required. For, as the polygons are similar, the an- 
gle Bz=iH,\kiAAB \GU^=zBC \HI\ therefore the trian- 
gles ABC and G HI are similar (23). As the triangles ABC 
and GHI are similar, the angle BC A = HIG\ but the 
whole angle BCD=i HIK\ therefore the angle ACDz=i GIK\ 
and as the triangles ABC and GHI are similar 
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BC :III = AC ',GI 
But BC \III=GD \IK 

Therefore AC :G I— CD .IK 

and AC D and G I K nxQ similar (23). In like manner it can I -f 
bo proved that the other triangles are similar each to each. y^tx"^ 

THEOREM XV. 

31a The perimeters of ainiilar polygons are to each other as the 
homologous sides ; and tJie polygons as tJie squares of the homolo- 
gous sides. 

Let ABC B E F and B^^^R 

G.H I K L M ho two simUsiX /Z^'^ Ny 
polygons. A ^^^^ " 7 ^ ^ 

1st. Their perimeters are \ ^"""^^Z .*- 

to each other as AB : Gil F E 

For as the polygons are similar 

AB:GU—BC :III=GD .IK, ifec. 
Therefore (Pn. 23) 

-4 J5 + J? C + Ci>, &c. : 6^^ + /// + /;r, &c. = .4 i? : G^iT- 
that is, the perimeters oi ABC DBF and G IIIKL M are as 
AB:GH. 

2d. ABCDEF:GHIKLM=T]?: (nP 
From the homologous angles A and G draw the diagonals 
AG, ADy AEyGI, G K, and G L ; the polygons will be divided 
into the same number of similar triangles (30) ; therefore (29) 

ABC : Gil I = AC^ : (77' 




and A CB : GIK = A c' : G1^ 

Therefore ABC:GIII=ACB : GIK 

In like manner ACB :GIK = ABE : GKL 

and ABE:GKLz=AEF: GLM 

Hence (Pn. 23) 

ABC A^ ACB ^ ABE A^ AEF '. GUI -y^ GIK A^ GKL -{- 

GLM = ABC : GUI 
But ABC:GIII = AB^:GH^ 
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Therefore the sums of the triangles, that is, the polygons 
themselves, are to each other as the squares of the homologous 

sides. 

32« Definition, A Regular Polygon is one that is both equi- 
angular and equilateral. 

THEOREM XVI. 
33 • Regular polygons of the same number of sides are similar. 

Let A BCD BF and ^ ^ 

GHIKLM be two reg- 
ular polygons of the 
same number of sides ; 
they are similar. 

They are equiangular; p '^ 

for the sum of their angles is the same (I. G7) ; and each angle 
is equal to this sum divided by the number of angles which is 
the same. 

The homologous sides are proportional ; for as the polygons 
are regular, ^ i^ = ^ C = (7 A &c., and GH — HI=IK: 
&c.; therefore AB : G H = BG : II I = C D : IK, &c. i V 



THEOREM XVII. 

34. T]iere is a point in a regular polygon equidistant from its 
vertices, and also equidistant from its sides. 

Let ABC DBF be a regular polygon. b _ 

Bisect the angles A and i^ by ^1 and /\^ 

BO, As the whole angles A and B are / \ 

each less than the two right angles, the ^'\ A" )D 

sum of GAB and ^7iO is less than two \ / \ / 

riffht an«i:lcs : therefore A and BO can- \/' \ / 

not be parallel (I. 17), but will meet. ^ ^ 




t> 
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Suppose them to meet in the point ; then is equidistant 
from the vertices A^ B^C, D, E, F, and 
also from the sides AB, BC, CD, &c. 

Draw OCy OD, OE, OF. OA = OB 

(I. 45). As B bisects the whole angle -4 (^ {""©"7 ) ^ 

B, the angle OBA = OBC] therefore 

the triangle ABO = OBC(J. 40), and 

OC =OA = OB. In like manner it F E 

can be proved that OD=OE=z F = A ; that is, is 

equidistant from the vertices of the polygon. > ^ • 

As the triangles A B, OBC, C Dy &c. are equal, their 
altitudes are equal, that is, the bases ai'e equidistant from the 
vertex 0. 

35« Scholium. is called the centre, and the perpendicular 
OG the apothem of the 'polygon. 

36* Corollary. In regular polygons of the same number of 
sides, the apothems are as the homologous sides ; therefore the 
perimeters of regular polygons of the same number of sides are as 
their apothems ; and the polygons as the squares of their apothems. 
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37« The area of a regular polygon is equal to half the product 
of its perimeter and apothem. 

For the area of each triangle of which the polygon is com- 
posed is equal to half the product of its base and the apothem 
of the polygon (11) ; therefore the area of the polygon is equal 
to half the product of the sum of the bases, that is, its perim- 
eter and its apothem. fr--^ -;' 



\ / 
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PRACTICAL QUESTIONS. 

1. What is the perimeter and the area of a rectangle 25 by 35 inches ? 

2. What is the area of a parallelogram >vhose base is 20 feet and altitade 
12 feet ? 

3. What is the area of a' triangle whose base is 14 feet and altitade 8 
feet ? 

f 4. W^hat is the square surface of a boar(^15 feet long, and 16 inches wide 
at one end and 9 inches at the other ? What kind of a figure is it ? " . 

5. What integral numbers will express the sides and hypothenuse of a 
right triangle ? [ '■ i^ ■ • I m) . .. ' -. 

f I 

6. How far from a tower 40 feet high must the foot of a ladder 60 feet 
■ long be placed that it may exactly reach the top of the tower ? ' . 

7. The foot of a ladder 67 feet long stands 40 feet from a wall ; how 
) much nearer the wall must the foot be x^laced that the ladder may reach 10 

feet higher? ^^ ' 7 " 

8. If a ladder 108 feet long, with its foot in the street, will reach on one 
' side to a window 75 feet high, and on the otlj^r to a i^-indow 45 feet hi^ 

how wide is the street ? \ j ; i^"-".** 

9. A has an acre of land one of whose sides is 20 rods in length ; B has 
/ a piece of land of exactly similar form containing 9 acres. What is the 

length of the coiTcsponding side of B's ? 

10. What is the distance on the floor from one comer to the opposite 
comer of a rectangular room 16 by 24 feet ? , 

11. If the height of the above room is 10 feet, what is the distance 
from the lower corner to the opposite upper comer ? 

12. Find the length of the longest straight line that can be drawn in a 
cube whose dimensions are 12, 4, and 3. ,•'"'' * 

I 

13. What is the altitude of an equilateral triangle whose side is 12 feet ? 

14. If the bases of two similar triangles are respectively 100 and 10 fectj^-y-*, 
how many triangles Ci^ual to the second are equivalent to the first ? ', . ••/^O^Ji 

I ■ 

15. How many times as much paint will it take to cover a church whose 
stcpple is 120 feet in height as to cover an exact model of the church whose 
steeple is 10 feet in height ? 

16. What is the area of a right-angled triangle whose hypothenuse is 
125 feet and one of the sides 75 feet ? 



BOOK II. 



45 



EXERCISEa 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupil. 
In some of them references are made to the propositions upon which 
tlie demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

38t The square on the sum A C o^ two straight 
lines A By B Cis equivalent to the squares on A B 
and B (7, together with twice the rectangle 
AB.BC. 

Or, algebraically, i( a = AB, and 6 = i? C, 

39t Corollary, The square on a line is four times the square on 
half of the line. 




40* The square on the difference A C of 
two straight hues AB, BC is equivalent to the 
squares on AB and BC, diminished by twice 
the rectangle AB.BC. 

Or, algebraically, if a = -4^, and b = BC, 
(a — &/ = a« — 2a6 + &« 

41 • The rectangle contained by the sum and 
difference of two lines ABj BCis equivalent to 
the difference of their squares. 

Or, algebraically, i£ a = AB and h := BC 
(a -I- 6) (a — 6) = a« — h* 

Produce ^ i? so tliat BDz=BG. 



K D 



G E 



If 



E 



A C B 

G F 







L 


K I 




H 



C B D 



42t Parallelograms are to each other as the products of their bases 
and altitudes. (10.) 

43* Parallelograms having equal bases are to each other as their 
altitudes; those having equal altitudes arc as their bases. 

44 • Where must a line from the vertex" be drawn to bisect a tri- 
angle ? (13.) 

45t Two or more lines parallel to the base of a triangle divide the 
other sides, or the other sides produced, proportionally. 
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46t Lines joining the middle points of the adjacent sides of a 
quadrilateral form a parallelogram ; and the perimeter of this paral- 
lelogram is equal to the sum of the diagonals of the quadrilateraL 

Draw the diagonals. (18.) 

47t Lines drawn from the vertex of a triangle divide the opposite 
side and a parallel to it proportionally. 

48t State and prove the converse of 47. ^ 

49* A B CD is a parallelogram ; U and F the middle points of 
A B and CD. BF and DE trisect the diagonal A C 

50* If two triangles have two sides of the one equal respectively 
to two sides of the other, and the included angles supplementary, the 
triangles are equivalent. 

51* The diagonals divide a parallelogram into four equivalent tri- 
angles. Two triangles standing on opposite sides are equal. 

52* If the middle points of the sides of a triangle are joined, the 
area of the triangle thus formed is one fourth the area of the original 
triangle. 

53* Every line passing through the intersection of the diagonals 
of a parallelogram bisects the parallelogram. 

51» If a point within a parallelogram is joined to the vertices, the 
two triangles formed by the joining lines and two opposite sides are 
together equivalent to half the parallelogram. 

Through the point draw hues parallel to the sides of the parallelo- 
gram. 

55* State and prove the proposition if the point named in 54 is 
without the parallelogram. 

56* The area of a trapezoid is equal to twice the area of the tri- 
angle formed by joining the extremities of one non-parallel side to the 
middle point of the other. 

57« Two triangles are similar if two angles of the one are equal 
respectively to two angles of the other. 

58» Two triangles are similar if their homologous sides are pro- 
portional. 
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59» D^nition, When a point is taken on a given line,- or a 
given line produced, the distances of the point from the extremities 
of the line are called the segments. If the point is within the given 
line, the sum of the segments, if in th^ Une produced, the difference 
of the segments, is equal to the line. 

60* The line bisecting any angle, interior or exterior, divides the op- 
posite side into segments which are proportional to the adjacent sides. 

Let B be the bisected angle of a triangle ADC. Through C 
draw a line parallel to the bisecting line and meeting A B, If the 
interior angle at i? is bisected, A B must be produced ; if the exterior 
angle, A C, In the latter case, if ^ is the point where the bisecting 
line meets A C produced, the segments of the base (59) are A E and 
CE, (1.17.) (1.45.) (16.) 

61* Two triangles having an angle of the 
one equal to an angle in the other are to each 
other as the rectangles of the sides containing 
the equal angles ; or 

ABC'.ADE=^ABy,AC\ADy^ AE 

J)vB.w BE. (13.) (Pn. 24.) (Pn. 21.) 




62t Prove Theorem XII., first 
drawing O Cand BF\ then prov- 
ing the triangles AGC and A BF 
equal 

Turn the triangle A BF on the 
point A in its own plane till A B 
coincides with A G] where Will 
i^-be? (7,11.) 

63. Prove that i£ Gff, KI, 
and LB, in the figure above, are 
produced, they will meet in the 
same point. 



H 



B 
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64* Prove Theorem XIL, first producing FA \^ GH, and pro- 
ducing GH, KI, and LB till they meet * 

65t Prove Theorem XII., first constructing the squares on oppo- 
site sides 0^ AB and B C from that on which they are drawn in the 
figure in Art. 62; moving the square A GHB on A B, 2k distance 
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equal to i? C^ in the direction BA ; then proving that these squares 

are divided into parts that can be made to coincide with the parts of 

the square on A C. 

B 

66* If -4 is an acute angle of the triangle ABC, 

and BD is the perpendicular from Bio AC, then / 

BC* = AB^-{'AC*--2ACXAD / 

67t If A is an obtuse angle of the triangle B 
ABC, and BD is the perpendicular from B f^T'^*-^..^ 

to A C, then j! X n 

BC*^AB^+AC* + 2ACXAD ^ 

68t Show that if the angle A becomes a right angle, both 66 
and 67 reduce to the same as 27 ; and if C becomes a right angle^ 
both reduce to the same as the second equation in 28. 



If a Hne is drawn from the vertex of any angle of a triangle 
to the middle of the opposite side, the sum of the squares of the other 
two sides is equivalent to twice the square of the bisecting line to- 
gether with twice the square of a segment of the bisected side. 

Draw a perpendicular from the same vertex to the opposite side. 
(66, 67.) 

70« The sum of the squares of the four sides of a parallelogram is 
equivalent to the sum of the squares of the diagonals. (69.) (39.) 

71 • In the figure in Art. 62 draw HI, KE, FQ, The triangle 
niB is equal, and the triangles CKE, OAFqiq equivalent U} ABC, 

72» The squares of the sides of a right triangle are as the seg- 
ments of the hypothenuse made by a perpendicular from the vertex 
of the right angle. 

73t The square of the hypothenuse is to the square of either side 
as the hypothenuse is to the segment adjacent to this side made by a 
perpendicular from the vertex of the right angle. 

74t Th# side of a square is to its diagonal as 1 : v/2; or the square 
described on the diagonal of a square is double the square itself. 

75 • (Converse of 30.) Two polygons composed of the same num- 
ber of similar triangles similarly situated are similar. 
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THE CiECLE. 

« 

DEFINITIONS. 

]• A Circle is a piano figure bounded by a curved line called 
the circumference^ every point of which is equally distant from a 
point within called the centre ; as AB D E. 

2i The Eadius of a circle is a line 
drawn from the centre to the circum- 
ference ; OS C B, 

3* The Diameter of a circle is a line 
drawn through the centre and termi- A 
nating at both ends in the circumfer- 
ence ; fi& AD. 

it Corollary. The radii of a cir- 
cle, or of equal circles, are equal ; also the diameters are equal, 
and each is equal to double the radius. 

5* An Aro is any part of the circumference ; us AFB, 

6* A Chord is the straight line joining the ends of an aro i 
oaAB. 

7« A Segment of a circle is the part of the circle cut off by 
i a chord ; as the space included by the ore AF B and the chord 

': AB. 

■ 8ff A Sector is the part of a circle included by two jadii and 
«. the intercepted arc ; as the space BCD, 

I 9t A Tangent (in geometry) is a line which touches, but 
does not, though produced, cut the circumference ; as GD, 
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A tangent is often considered as terminating at one end at 
the point of contact, at the other where it meets another tan- 
gent or a secant. 

• 10« A Secant (in geometr}-) is a line lying partly within and 
partly without a circle ; as G E. 

A secant is generally considered as terminating at one end 
where it meets the concave circumference, and at the other 
where it meets another secant or a tangent. 
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lit In the same circle, or equal circles, eqilal angles at the cen- 
tre are siihtended by equal arcs ; and, conversely, equal area sub- 
tend equal angles at the centre. 

T^et B and E be equal 
angles at the centres of 
the two equal circles 
ACG and JJFII-, then 
the arcs AC and DF 
are equal. 

Place the angle B on 
the angle E ; as they are equal they will coincide ; and ixj^ BA 
and B C are equal to E D and E F, the point A will coincide 
with Z>, and the point C with F ; and the arc A C will coincide 
with Z)jP, otherwise there woidd be points in the one or the 
other arc unequally distant from the centre. 

Conversely. If the arcs A C and D F are equal, the angles 
B and E arc equal. 

For, if the radius ^ ^ is placed on the radius D E with the 
])oint B on E, the point A w^ill fall on i), o.s A B = D E ; and 
the arc A C will coincide with I) F^ otherwise there would be 
points in the one or the other arc unequally distant from the 
centre ; and as the arc AC =. D F, the point C will fall on F\ 
therefore BC will coincide with E F, and the angle B be oqiial 
to E, 
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I2t /^ the same or equal circles, feqkal chords^ suhtertd equal ^iJl C{ 
arcs ; aiui, converself/, equal arcs are subtended by equal chords, '^*^ ^aVj^ 

JjBiABC and 
D E F ho two 
equal circles ; if 
the arcs AB and 
D E are eqiml, 
tlie chords A B _ 

and n E fiVQ ^ ^ 

eciual ; and conversely, if the chords A B and D E are equal, 
the arcs A B and D E are equal. 

For, if the centre of the circle ABC m placed on the centre 
of D E F vfith the point A of the circumference on the point i), 
if the arcs or the chords are equal? i? will fall on E] and in 
either case the chords and arcs will coincide, otherwise there 
would be points in the one or the other circumference unequally 
distant from the centre. 
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13t Angles cU the centre vary as their correspondhig arcs. 

Let ACD, DCE, EOF he equal an- 
gles at the centre C ; then the arcs A B, 
DE, EF&re equal (11); then the an-* 
gle ACE, being double the angle -4(7 2>, 
the arc ^ -2^ is double the arc ^ i> ; and 
the angle A C F, being three times the 
angle AC D, the arc -4 ^ is three times 
the arc ^ i> ; and the angle AC G, being m times the angle 
AC Dy the arc AG i^m times the arc A D ; that is, the anglo 
varies as the arc, or the arc as the angle. 
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14» Cor, 1. As angles at the centre vary as their arcs, or 
arcs as their corresponding angles, either of these quantities 
may be assumed as the measure of the other. The measure of 
an angle is, then, the arc included between its sides and described 
from its vertex as a centre, 

15t Cor. 2. As the sum of all the angles about the point 
C is equal to four right angles (I. 9), one right angle, HC Ay is 
measured by one quarter of the circumference, or by a quadrant 



^ - 

-^^. 
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16* The radius 2?erp€ndicidar to a diord bisects the chord and 

the arc subtended by tfie chord. 

Let CJ^ be a radius perpendicular to 
the chord ^ i? ; it bisects the chord A B, 
and also the arc A E B. 

Draw the radii G A and C B and the 
chords AE and E B. As equal oblique 
lines are equally distant from the perpen- 
dicular, AD = DB {1.^2); and as E is E 
a point in the perpendicular to the middle of A B, it is equally 
distant from A and B (I. 53) ; therefore the chords and the arcs 
A E, E B are equal. 

• 

ITt Corollary. The perpendicular to the middle of a chord 
passes through the centre of the circle. • 

DEPINITION& 

18. An Inscribed Angle is one whose vertex is in the circum- 
ference and ■whose sides are chords ; o& D A B. 

19> An Biscrlbed Fol]^^ is one whoso sides are ohqrds. 
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Thus ABCDEF is inscribed in the outer circle. In this case 
the circle is said to be circumscribed 
about the polygon. 

20* A Gircninscribed Polygon is 
one whose sides are tangents. Thus 
ABCBUFis circumscribed about the 
inner circle. In this case the circle is 
said to be inscribed in the polygon. 




THEOREM V. 

21 • An inscribed angle is measured by hcdf the arc included by 
its sides. 



1st. When one of the sides ^Z> is a 
diameter ; then the angle B is measured 
by half the arc A B. Draw the radius 
C A, and the triangle A CB is isosceles, 
C A and C B being radii ; therefore the 
angle A = B (I. 42). But the exterior 
angle AC D ia equal to the sum of the 
two auglo^^ and ^ (I. 39) ; therefore the 

iAq *^ ia equal to half thAni3e 7^ 




an 



B^ the angle A OB is 



measured by the arc A B (14) ; therefore the angle B is meas- 
ured by half the arc A B, 



B 



2d. When the centre is within the 
angle, draw the diameter B C, By the 
preceding part of the proposition the an- 
gle ABC is measured by half the arc 
AC, and CBB by half CB ; therefore 
ABC+CBB, or ABB, is measured 
by half/2t C + CB, or the arc A B, 
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3d. When the centre is without the 
angle, draw the diameter B G, By the 
first part of the proposition the an- 
gle ABC is measured by half the arc 
AC, and BBC by half D C ; therefore 
ABC — D BC, or A B JD, is measured 
hj A C — DC, or^the arc A JD. 

22. Cor. 1. All the angles ABC, 
ADC, inscribed in the same segment are 
equal; for each is measured by half the 
9XQ AEC 

23t Cor, 2. Every angle inscribed in 
a semicircle is a right angle; for it is 
measured by half a semi-circumference, 
or by a quadrant (15). 

THEOREM YI. 
24. Every eqtfMatercd polygon inscribed in a circle is reguUir. 

Let ABCDEF be an equilateral 
polygon inscribed in a circle ; it is also 
equiangular and therefore regular. 

For the chords AB, BC, CD, &c. 
being equal, the arcs AB, BC, CD, 
&c. are equal (12); therefore the arc 

-4 i? 4" ^^® ^^^ -^ ^ "^^ ^^ equal to the 
arc 7i (7 + the arc C D, &c. ; that is, the angles B, C, &c. are 
in equal segments ; therefore they are equal (22), and the poly- 
gon is equiangular and regular. 
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25* An infinitely small chord coincides vrith its arc. 

Let ^ i? be an infinitely small chord ; it coincides with the 
arc AD B, 
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Di-aw tho diameter CD perpendicu- 
lar to the chord A B ; and draw A O 
and AD\ CAD is a right-angled tri- 
anglo (23) ; therefore (II. 2G) 

CE'.AE=AE:ED 

that is, ED is the same part of AE that 
A E is of C E. But A E is half the mfinitely small chord 
A B (16), and AB is infinitely small in comparison with C E) 
therefore E D is infinitely small in comparison with A E, that 
is, the point E is on D, and the chord A B coincides with the 
arc AD B, 

THEOREM VIII. 

26. A circle is a regular polygon of an infinite number of 
sides. 

If the circumfereiice of a circle is divided into equal arcs, 
each infinitely small, the infinitely small chords of these arcs 
would form a regular polygon (24) of an infinite number of 
sides ] and as each chord would coincide with its arc (25), the 
polygon would be the circle itself. 

27» Scholium. It might be supposed that although the dif- 
ference .between each chord and its arc is infinitesimal, yet as 
there is an infinite number of these diflferences their sum would 
not be infinitesimal and ought not to be neglected ; that is, 
that the perimeter of the polygon and the circumference of 
the circle differed by a finite quantity. But each chord is in- 
finitely small compared with the diameter of the circle, or is 

equal to yr; and the difference between each chord and its 

arc is infinitely smaller than the chord itself, or is equal to 

; and an infinite number of these differences is equal 



////. X Inf. 

to ^ ^ ,^ ^ ^ X /w/. = -i— 7 'i that is, the difference between the 
Inf. X Inf. ^ -^ Inf. 

perimeter of the polygon and the circumference of the circle is 
infiDitesiinal. 



h- 
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THEOREM IX. 

28t Circumferences of circles are to each other as their radiif 
or as their dici meters. 

For circles are regular polygons of an infinite number of sides 
(20) ; and if the circumferences of circles are divided into the 
same infinite number of arcs, the polygons formed by their 
chords, that is, the circles themselves, are regular polygons of 
the same number of sides and are therefore similar (II. 33); 
and the ai)Othems of the polygons are the radii of the circles; 
therefore the circumferences of the circles are as their radii 
(II. 36), or as twice their radii, that is, as their diameters. 

29. Cor, 1. If C and c denote the circumferences, J? and r 
the corrospouding radii, and I) and d the corresponding 3iame- 
ters, we have 

C : c =R :r = I) :d 

or C : It =■ c : r 

and/ C ',D =. c \d 

That is, the ratio of the circiunference of every circle to its ra- 
dius or to its diameter is the same, that is, is constant. The 
constant ratio of the circumference to its diameter is denoted 
by TT (the Greek letter p), 

30. Cor, 2. 5 — "" 

C = irD = 2f,R 



THEOREM X. 

31 • The area of a circle is e(j[ual to half tlie j)rodiict of its cir- 
cuviference and its radius. 

The area of a regular polygon is lialf the product of its perim- 
eter and its apothcm (II. 37) ; a circle is a regular polygon 
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of an' infinite number of sides (26) ; the circumference of the 
circle is the perimeter of the polygon, and its radius is the 
apothem ; therefore the area of a circle is half the product of 
its circumference and its radius. 

33* Corollary. If C = the circumference, I) = the diame- 
ter, Ji = the radius, and A = the area of a circle, we have 

A = ^CX'R 

But (30) C = 2irR.= ir D 

Therefore ^ = iX2ir^X^ = 7ri?2 

or A = lirDx^ = \nD^ 



THEOREM XI. 

33« The side of a regidar Itexagon inscribed in a circle is equal 
to tJie radius of the circle. 

In the circle whose centre is O draw the 
chord A B equal to the radius -, AB m the 
side of a regular hexagon inscribed in a 
circle. 

Draw the radii CA and CB, CAB is 
an equilateral, and therefore an equiangu- 
lar triangle ; hence the angle C is equal to 
one third of two right angles, or one sixth of fom: right angles-; 
that is, the arc AB is one sixth of the whole circumference, 
or the chord A B the side of a regular hexagon inscribed in the 
circle (12 and 24). 

31. Corollary, The chord of half the arc A B would be the 

side of a regular dodecagon ; the chord of one quarter of the 

arc A By the side of a regular polygon of twenty-four sides ; and 

so on. 

3* 
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PROPOSITION XII. 



PROBLEM. 



35* The chord of an 'urc given to find tJie cJiord of half the arc. 



Let AB he the given chord, A D the 
chord of half the arc ADB, and R denote 
the radius. 

Draw the diameter DF^ the radius AC, 
and the chord A F. The triangle A D F 
is right angled at A (23) ; then (II. 25) 



or 

and 
Now 

and (II. 28) 

therefore 



])F:A1) = AD .BE 

AT)' = DFX I>E=2RX I>S 

AJ)z=i )J'i H X nJj 

1)E=DC — CK — R — GE 




CE = >JA C'^ — A E' = ^R' — A E^ 
JJ E = R — yJk'^—'AE'^ 



Substitutinjr this value of D E in 



we have 



AJJ = \/2~R X~BE 

AJ) = ^2R^—2R>JR^ ^^TX^a 



36* Cor, 1. If C denote the given chord, c the chord of 
half the arc, the equation becomes 

c = \J2R^—2rJr^ — ^ 

=z V2 R' — R ^rii^'iirci 

37. Cor. 2., If the diameter B, that is, 2 R, is unity, the 
equation in (36) becomes 

c = V^ - 1 vr-c"^ 
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^^ » PROPOSITION XIII. 

PROBLEM. 

38* To find the arithmetical value of the constant ir. 

m 

Froiri (30) C=^7rl>; if Z) = 1, this equation becomes C = 7^, 
If then wo can find the circumference of a circle whoise diame- 
ter is unity, we shall have the value of w. 

If the diameter is unity, radius is one half, and the side of a 
regular hexagon inscribed in the circle is one half (33), and the 
perimeter of the hexagon is 6 X ^ ^= ^- 

As the diameter is unity, and the side of the inscribed hexa- 
gon one half, we can find the side of the regular hiscrlbcd dodec- 
agon from the equation in (37) : 

= V.5 — .433 

= V'.'0G7 = .2588-f- 

The perimeter of the inscribed dodecagon is therefore 
12 X .2588+ =3.105+. 

By using the side of the dodecagon = .2588+, as C, or 
«)07 = C% from the same equation we can find the side of a 
regular inscribed polygon of twenty-four sides : 



c=)Ji — h^i — Ml 

= \/h — h ^S 

= V.5 — .483 

= V/.0T7 = . 13038 

The perimeter of the inscribed polygon of twenty-four sides is 
therefore 24 X .13038 = 3.129. 

By continuing this process we approximate to the circumfer- 
ence, that is, to the value of tt. 
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39* ScJiolium, By other more expeditions methods the value . 
of TT has been found accurately to two linndred and fifty places 
of decimals. For practical piu*poses it is sufficiently accurate 
to call 7r = 3.141 59.V It- 
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PRACTICAL QUESTIONS. 

1. "What is the circumference of a circle whose radius is 10 feet ? {e>2., ■ ', I 



2. "What is tlie diameter of a circle whose circuniforencc is 57 ro<U ? / - 

/. ■■ ^ - 

3. What is tlie jikii of a circlo whose radius is lo ftH-t? •■ l.', . .■■• ■ 

4. AVhat IS the area of a ciivle whose circuiiifiiiK'o is 18 inches ? ? ^" • 

5. "What is the ciiininr.'ri'iice of a circle win— .Mva is 116 snuarc feet? ^ 

r>. The radii (»!' two euiniiitiiit ciiclcs ar- ' ' iiud yi feet ; what is the • 
area of the space Iwuuded by their circuiiifii J !..i^ i ,,;:.." 

7. A has a circular lot of land whose di;nii;i"r is 95 rods, and B a simi- 
lar lot whose area is 750 sipiare rods ; conqKiiv these lots. ^i * 

S. AVliat is the ditriTi'uee Ix'tweeii the ]mi ini(;tcrs of two lots of la^d each 
coiitaiiiiug an aeiv, if one is a sipiare an«.L the other a circle ? t^it'.^ %'• 

9. "What is the area of a square inscribed in a circle )^yh(«e' urea ia a 
sq^uare metre ? .. 

10. W'Liit; is the area of a regular hexagon inscribed in a circle whose 
area is !j07 sipiare feet. i 

11. If a rope an inch in diameter will support 1^00 pounds, what mnst 
be the diameter of a roj)c of like matiuial to sui)port 4,000 pounds ? 

12. If a pipe an inch in diameter will fill a cistern in 25 minutes, how 
long will it take a pipe 5 inches in diameter ? 

13. If a ]>ipe an inch in diameter will empty a cistern in an hour, how 
long will it take this pipe to empty the cistern if there is another pijw one 
third of an inch in diameter through which the fluid runs in ? 

Ans. 67 i minutes. 

14. If a pipe 3 inches in diameter will empty a cistern in 3. hours, how 
long will it take the pipe to emi)ty the cistern if there are 3 other pipes 
each an inch in diameter through which the fluid runs in. 

Ans. 4iJ hours. 
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EXERCISES. 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupil. 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

40« Every diameter bisects the circle and the circumference. 

41 fl A straight line can meet the circumference of a circle in only 
two points. (4.) (I. 51.) 

42 fl The diameter is greater than any other chord of tlie circle. 

43* In the same or equal circles, when B 

the sum- of the arcs is less than a circumfer- 
ence, the gi-eater arc is subtended by the 

greater chord; and, conversely, the greater Af- -' n(7 

chord is subtended by the greater arc. 

Draw A C (21.) (I. 47.) 

What is the case when the sum of the arcs 
is greater than a circumference ? 

44 • Equal chords are equally distant from the centre ; and of two 
unequal chords the greater is nearer the centre. 

45* The shortest and the longest line that can be drawn from any 
point to a given circumference lies on the line that passes from the 
point to the centre of the circle. 

46* Two parallels cutting the circumference of a circle intercept 
equal arcs. 

47« A straight line perpendicular to a 
diameter at its extremity is a tangent to the 
circumference. 

Draw CB, (I. 51.) A 

48fl The lines joining the extremities of 
two diameters are parallel. 

49fl If the extremities of two chords are joined, the triangles thus 
formed are similar. 
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50* If two circumferences cut each other, the chord which joins 
their points of intersection is bisected at right angles by the line join- 
ing their centres. (17.) 

51 fl If two circumferences touch each other, their centres and 
point of contact are in the same straight line, perpendicular to the 
tangent at the point of contact. (47.) 

52« The distance between the centres of two circles whose cir- 
cumferences cut one another, is less than the sum, but greater than 
the difference, of their radii. 

53« Every angle inscribed in a segment greater than a semicircle 
is acute ; and every angle inscribed in a segment less than a semicir- 
cle is obtuse. (21.) 

Sit The angle made by a tangent and a 
chord is measured by half the included arc. 
Draw the diameter A B. (47.) (21.) 

55fl The angle formed by two chords cut- A\ 
ting each other within the circle is measured 
by half the sum of the intercepted arcs. 

Join BC (in lower figure). (21.) 

56t By moving the point of intersection 
of the two chords, show that (14) and (21) 
can be deduced from (55). 

57« Tlie segments of two chords cutting 
each other within a circle are reciprocally 
proportional. 

Join AD, Ba (21.) (11.20.) 

58* The opposite angles of a quadrilateral inscribed in a circle are 
supplementary. (21.) 

59* A quadrilateral whose opposite angles are supplementary, and 
no other, can be inscribed in a circle. 

60« Circles are as the squares of their radii, or diameters, or cir- 
cumferences. (32.) 

61 • The area of a sector is equal to half the product of its arc by 
the radius of the circle. (31.) 
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Show how to find the area of a segment of a circle. 

The area of a circumscribed polygon is equal to half the pro- 
duct of its perimeter by the radius of the circle. 

64* A tangent is a mean proportional 
between a secant drawn from the same 
point and the part of the secant without 
circle. 

Join AD, DC. (54 ; 21.) (II. 57.) 

65* The angle formed by two secants, 
two tangents, or a secant and a tangent 
cutting each other without the circle, is 
measured by half the difference of the in- 
tercepted arcs. 

Join CF, (1.39.) (21.) 

66* By moving the point of intersec- 
tion, show that (21) can be deduced from 
(65). Show also that (46) can be deduced 
from (65). 

67» Two secants drawn from the same 
point are to each other inversely as the 
parts of the secants without the circle. 

Join CF, D G, (21.) (II. 57.) 

88* Two tangents drawn to a circumference from the same point 
without this circumference are equal. 
Join^JS: Figure in (66.) (54.) 

69* A perpendicular from a circumference 
to the diameter is a mean proportional be- 
tween the segments of the diameter. 

Join AB,BC. (23.) (II. 26.) 

70» If from one end of a chord a diame- 
ter is drawn, and from the other end a per- 
pendicular to this diameter, the chord is a mean proportional be- 
tween the diameter and the adjacent segment of the diameter. 

Join A R (23.) (11.25.) 

71 • The sum of the opposite sides of a circumscribed quadrilat- 
eral is equal to the sum of the other two sides. (68.) 
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GEOMETRY OF SPACK 
PLANES AND THEIR ANGLES. 

DEFINITIONS. 

1. A straight line \^ perpendicular to a plane when it is per- 
pendicular to every straight line of the plane which it meets. 

Conversely, the plane, in this case, is perpendicular to the 
line. 

The /oo^ of the perpendicular is the point in which it meets 
the plane. 

2t A line and a plane are parallel when they cannot meet 
though produced indefinitely. 

3« Two planes are parallel when they cannot meet though 
produced indefinitely. 

THEOREM I. 

4t A plane is determined, 

1st. By a straight line atid a point uithout that line; 
2d. By three points not in the same straight line ; 
3d. By two intersecting straight lines, 

1st. Let the plane MN, pass- j^ 
ing through the line A B, turn 
upon this line as an axis until it 
contains the point (7; the posi- 
tion of the plane is evidently de- 
termined ; for if it is turned in 
either direction it will no longer contain the point C- 
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2d. If three points, -4, B^ (7, not in the same straight line 
are given, any two of them, as A and By may be joined by a 
straight line; then this is the same as the 1st case. 

3d. If two intersecting lines A B, AC are given, any point, 
Cy out of the line A B can be taken in the lino A C ; then the 
plane passing through the line A B and the point C contains 
the two lines A B and A C, and is determined by them. 

5« Cordlary, The intersection of two planes is a straight 
line ; for the intersection cannot contain three points not in the 
same straight line, since only one plane can contain three such 
points. 



THEOREM II. 

6a Oblique lines from a point to a jylane equally distant from 
the perpendicular are equal ; and of two oblique lines luiequally 
distant from. Hie perpendicular ^ the more remote is the (jreater. 

Let AC, AD be oblique lines A 

drawn to the plane MN at equal 
distances from the perpendicular 
AB: 

1st. AC =z AD'yior the trian- 
gles ABC, ABB are equal (I. 40). 

2d. Let AF he more remote. 
From BF cut off BF = BD 
and draw A F ; then AF "^ AF 
(L 51); ^tAAF = AI) = AC) therefore AF > AD or AC, 

7« Cor. 1. Conversely, equal oblique lines from a point to a 
plane are equally distant from the perpendicular; therefore 
they meet the plane in the circumference of a circle whose cen- 
tre is the foot of the perpendicular. Of two unequal lines the 
greater is more remote from the perpendicular. 

8. Cor, 2, The perpendicular is the shortest distance from 
a point to a plane. 
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THEOREM III. 

« 

9« The intersections of two parallel planes with a third plane 
are parallel. 

Let A B and C D ha the intersec- 
tions of tlie plane A D with the paral- 
lel planes MN and P Q ; then A B 
and C D are parallel. 

For the lines AB and CD cannot 
meet though produced indefinitely, 
since the planes MN andP^ in which 
they are cannot meet ; and they are in 
the same plane A D ; therefore they arc parallel. 

10* Corollary, Parallels intercepted between parallel planes 
are equal. For the opposite sides of the quadrilateral A D be- 
ing parallel, the figure is a parallelogram ; therefore AC=^BD, 
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THEOREM IV. 

11, If tvjo angles not in the same plane liave their sides paral- 
lel and similarly situated^ the angles are equal and their planes 
parallel. 

Let ABC and DBF he two angles j^ 
in the planes M N and F Q, having 
their sides A B, BC respectively paral- 
lel to D E, E Fy and similarly situated; 
then 

1st. The angles ^ ^ (7 and 2) JE' ii^ are 
equal. For, taking EI)z=zBA, and 
EF= BC, and drawing ^(7, DF,AD, 
BE, and C F, the quadrilaterals AE 
and B F are parallelograms, since A B and B C are respectively 
equal and parallel to D E and E F ; therefore A D and C F, 
being each equal and parallel to B Ej are equal and parallel to 
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each other ; and therefore A F m fx. par- 3^ 
allelogram, and A C m equal to D F, 
therefore the two triangles ABC and 
Z> E F, being mutually equilateral, are 
uiutualljr equiangular, and the angles 
ABC and DEF are equal. 

2d. The planes of. these angles are 
parallel. For, since two intersecting 
lines determine a plane, the plane of 
the lines A B and B C must be parallel to the plane of the 
lines DE and EFy vm AB and B C are respectively paridlel to 
Z>^and^i^. 




THEOREjVI v. 

12, If ttffo straight lines are cut hij parallel planes, they are 
divided proportionally. 

Let A B and C Dhe cut by the parallel ^\^ 
planes M N, P Q, and B S, in the points 
Ay Ey B, and C,F,L\ then 

AE \EB^=^CF ,FL 

For, drawing A D meeting the plane P Q 
in G, the plane of the lines A B and A D 
cuts the parallel planes PQ and RS m 
EGBXi^BD) therefore EG find B I) are 
parallel (9), and we have (II. IG) 

AE :EB = AG :GD 

The plane of the lines A D and CD cuts the parallel planes 
MN and PQ'mAC and GF) therefore A C is parallel \.o G F \ 
and we have 

AG:GD = CF :FD 

Hence we have (Pn. 11) 

AE'.EB = CF'.FD 
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EXERCISES. 

The following Theorems, depending for their demonstratiofUpon 
those already demonstrated, are introduced as exercises for tjl^pupil 
In some of them references are made to the propositions ujA which 
the demonstration depends. They are not connected witllhe prop- 
ositions in tlie following books, and can be omitted if tliouj^t best. 

13fl An infinite number of planes can pass throi^li a givca 
line. (4.) 

14t There can be but one perpendicular from a point to a plane. 

15* A line perpendicular to each of two Knes at their point of 
intersection is perpendicular to the plane of these lines. (4) (I. 76.) 

16* Parallel lines are equally inclined to the same plane. 

lit State the converse of (16). Is it true? 

18« Lines parallel to a line in a given plane are parallel to the 

plane. 

19« State the converse of (18). Is it true ? 

20* Parallel planes are equally inclined to the same straight line. 

21 fl State the converse of (20). Is it true? 

22 • Parallel Hues included between parallel planes are equal. 
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DEFINTnONS. 



1. A Fo^edron is a eolid bounded by planes. 

The bounding planes arc called faces; their intersections, 
ed^et ; the intersections of the edges, vertices, 

2. The Volume of a sohd is the measure of its ma^itude. 
It is expressed in units which represent the number of times it 
contains the cubical unit taken as a standard. 

3> X^nivalenC Solids are those nbich are equal in volume. 

1. Similar Solids are those whose homologous lines havo a 
constant ratio. (Corollari/.) It follows that similar solids are 
bounded hy the same number of similar polygons siiuilivrly 
Bituated. 



PRISMS AND CYLINDERS. 

St A Prism is a polyedrou two of whose faces 
are equal polygons having their homologous sides 
parallel. (Corollary.) The other faces are par- 
aUelograms. 

The equal parallel polygons are called baus; 
as 4 fl and CZ>. 

tf> The Altitude of a prism is the perpendic- 
ular distance between its bases; as E F. 
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7> A lUght Plism is one whose other faces are 
perpendicular to its bases. [Corollary.) Its l&tend 
faces are rectangles. 

S> A prism ia called triangular, quadrangular, or 
pentagonal, according as its base is a triangle, a 
quadrangle, or a pentagon ; and so on. 



9i A ParaUdopiped is a prism whose baaes are 
parallelograms. {Corollary.) It follows that all its 
faces are parallelograms. 

I0> A ffight Farallfilotaped baa all its faces rec- 
tangles. 



Ill A Cube is a parallelopiped whose faces are 
all squares. {CoroUarij) It follows that its faces 
ore all equal, and the parallelopiped right. 

12. A Cj^inder is a right prism whose parallel 
faces are regular polygons of an infinite number of 
aides, that is, wliose parallel faces are circles. A 
cylinder can be described by the revofction of a rec- 
tangle about one of its sides which remains fixed. 
The side opposite the fixed side desci-ibea the convex 
turface, and the other two sides the two circular 
bases. Thus the rectangle ABC D revolving about 
B C would describe the cylinder, the side A D the 
convex aurface, and AB, DC tlie circular baaea. 



13. The Axis of a cylinder ia the straight line joining tiie 
centres of the two baaea ; or it is the fixed side of the rectangle 
whose revolution describes the cylinder; as BC. 



THEOREM I. 

14. The convex turface of a ri'jlU prism U equal to the perime- 
ter of it% bate multiplied by itt attitude. 

Let Allha a right prism ; ita convex Burfucc B 

is equal to FG-\-GU-\- I/I -\- /£ -{- KF 
multiplied by its altitude A F. 

For Iflio couvex surfaue is equul to tlio Bum 
of the rectangles A G, lill, CI, &c. The areix 
of the rectangle AG = FG X AF; the area 
of BH=GIIXBG; of 01 = 111x011; 
and so on. But the edges AF, BG,C II, ic 
are equal to each other and to tbc altitude of the prism ; tind 
the bases of these rectangles together fonn tlie perimeter of tlio 
prism. Therefore the sum of these i-ectaugles, that is, the con- 
vex surface of the right prism, is equjil to tiic perimeter of its 
base multiplied by its altitude. 

I5> Corollary. As a cylinder is a right prism 
(12), this demonstration includes the cylinder. If, 
then, E ^ the radius of the base, aud A ^ the alti- 
tude of a cylinder, the convex surface ^ 2 n- It A. 



THEOREM II. 

ISi Tlie Kctiom of a prism made bg parallel ^anes a 
polff^ons. 

Lot the prism A Uhe intersected by the par- 
allel planes £Jf and ^6';. then X.V and QS 
are equal polygons. For ZJ/", JZ-A', -^0, ic. ^ 
are respectively parallel to Q K, Jl.% ST, Ac. -^^^ 
(IV. 9), and similarly eituiited ; thcrcfoi-e the ! ^C^f 
angles L, M, .V, 0, P are resiicctively equal to ^x 
the angles Q, R, S, T, t/ {IV. 11); and the 
polygons i.V and QS are mutually equiangu- 
lar. Also the sides LM, 3fN, NO, 4c. are 
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respectively eqiial to QR, US, ST, 4c. (I. 62). Therefore ' 
the polj-gons, beiug mutually equiangular and equilateral, are - 
equal (II. G). 

17. Cor. I. A section made by a plane parallel to the base 
is equal to the base. 

18> C<rr. 2. A section of a cylinder made by a plane paral- 
lel to the base is a circle equal to the base. 



THEOREM III. 



19. Prisma having equivalent bases and equal allit'itdea are 

equivalent. 

Let A C and FH be two prisms 
having equal altitudes and tbeir 
bases BC, G II equivalent ; the 
prisms are equivalent. 

Let DE and /A" be sections 
made by plauea respectively par- 
allel to the bases EC mAGH; 
these sections arc respectively 
ci[ual to the bases (17); there- B^ 
fore the section DE is equivalent 
to IK, at whatever distance from 

tlie base either may be. If, therefore, the planes of these sec- 
tions move, remaining always parallel to the bases, aa the sec- 
tions will always be equivalent, it is evident that in moving 
over an equal length of altitude the sections will move over 
equal volumes ; therefore, as the altitudes are equal, the prisms 
are equivalent. 

2ft. Corollary. Any prism is therefore equivalent to a right 
prism having an equivalent base and on equal altitude. 
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THEOREM IV. 




B F 



21. The volume of a rigJU parallelopiped is equal to the prod- 
"^ct of its three dimensions. 

Let ^ 2> be the right parallelopiped ; then its volume is equal 

^BCX^^X^^' Suppose BF, the 

linear unit, is contained in BO four times, 

in BH five times, and in ^^ seven times ; 

then dividing BC, BEy B A respectively 
into four, five, and seven equal parts, and 
passing planes through the several points 
of division parallel to the sides of the par- 
allelopiped, there will be formed a number 
of cubes equal to each other (19), and 
each equal to the cube whose edge is the linear unit. It is evi- 
dent also that the whole number of cubes is equal to the prod- 
uct of the three dimensions, or 4 X 5 X 7 = 140. This dem- 
onstration is applicable, whatever the number of units in the 
linear dimensions may be. Therefore the volume of a right 
parallelopiped is equal to the product of its three dimensions. 

32* Sdiollum, If the three dimensions are incommensur- 
able, the linear unit can be taken infinitely small, that is, so 
small that the remainder will be infinitesimal and can be neg- 
lected. 

23* Cor, 1. As the base is equal to B C X B E^ the volume 
of a right parallelopiped is equal to the product of its base by 
its altitude. 

21* Cor, 2. The volume of a cube is equal to the cube of 
its edge. 
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iS, The volume of any prism it eyaal to the product ofilthw 
by iU altitude. 

For any prism is equivalent to a right parallelopiped, having 
an equivalent base and the Bame altitude (20) ; and the Tulame 
of the equivalent right parallelopiped is equal to the product o{ 
its base by its attitude ; therefore the volume of any prism k 
equal to the product of its base by its altitude. 

36> Corollary. As a cylinder ia a right prism, this demon- 
stration includes the cj-linder. If, therefore, E := the radius oi 
base, ^ =: the altitude, and F^ the volume of a cylinder, 



THEOHEM VI. 

27i Similar primu are as the euha of tlidr /iomoloffow» U>u». 

Let A D and E U bo similar 
prisma whose iiltitudcs are IK and 
My. Let V represent tho vol- 
ume of A D, and v the volume of 
-AV/; then 

r:v = IS:': Mi\' = -■! C" : EG* 
= CO* : CI* 

For (25) y= CD X IK and 
!/ = 6'// X MN, therefore 
V:v=LCDy.IK:GHy,MN 

But (IL 31) CD : G JI = CO' : G I» 

and (4) IX : MN= CO : GP 

Multiplying tho last two proportions together we have 
CD X IK-.GU X JIIN'=CO':GF* 
thoroforo (Pn. 11) V : v ^ C 0" : G f 

But in similar solids homologous lines have a constant ratio 
(4) ; therefore f ; v as the cubes of any homologous lines. 
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PYRAMIDS AND CONES. 




DEFINITIONS. 

28. A Pyramid is a poljcdron bounded by a polygon called 
the base, and by triangular planes meeting at a common point 
called the vertex. 

29* A pyramid is called triangiilaVy quad- -4 

rangular, pentagonal^ according as its base 
is a l^angle, a quadrangle, or a pentagon ; 
and so on. 

30* The Altitude of a pyramid is the 
perpendicular distance from its vertex to 
its base ; as ^ ^. 

31* A Bight Pyramid is one whose base 
is a regular polygon and in which the per- 
pendicular from the vertex passes through the centre of the base. 

32. The Slant Height of a right pyramid is the perpendicu- 
lar distance from the vertex to the base of any one of its lateral 
faces ; as ^ (7. 

33* A Cone is a right pyramid whose 
base is a regular polygon of an infinite 
number of sides, that is, whose base is a 
circle. A cone can be described by the rev- 
olution of a right triangle about one of its 
sides which remains fixed. The other side 
describes the circular base, and the hypoth- 
enuse the convex^ surface. Thus the right 
triangle ABC revolving about A B would 
describe the cone, B C the base, and the hypothcnuse A C the 
convex surface. 

34 • The Axis of a cone is the line from the vertex to the 
centre of the base ; or it is the fixed side of the right triangle 
whose revolution describes the cone ; as ^ ^. 
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35* Corollary, The axis of a cone is perpendicular to the 
base, and is therefore the altitude of the cone. 

36* A Fmstam of a pyramid is a part of 
the pyramid included between the base and 
a plane cutting the pyramid parallel to the 
base ; a& J) K 

37. The Altitude of a frustum is the per- 
pendicular distance between the two parallel planes or bases ; 

38* The Slant Height of a frustum of a right pyramid is 
the perpendicular distance between the parallel edges of- the 
bases ; a& GO. 




THEOREM VII. 

39« If a pyramid is cut hy a plane parallel to its base, 
1st. The edges and altitude are divided proportionally ; 
2d. TJie section is a polygon similar to the base. 

Let A-BCDEFhQ a pyramid whose al- -4 

titude is A iV, cut by a plane G I parallel 
to the base ; then 

1st. The edges and the altitude arc di- 
vided proportionally. 

For suppose a plane passed through the 
vertex A parallel to the base; then the 
edges and altitude, being cut by three 
parallel planes, are divided proportion- 
ally (IV. 12), and we have 

AB:AG = AC :AH=iAD :AI=AN 

2d. The section 6^/ is similar to the base BD. 

For the sides of G I arc respectively parallel to the sides of 
B D (IV. 9), and similarly situated ; therefore the polygops GI, 
BD are mutually equiangular. Also, as 6^ Z is parallel to J?JP, 




AM 



BOOK V. 



77 



and LK to FE^ the triangles ABF and AGL axe similar, and 
the triangles AFE and ALK) therefore 

G L : B F = A L \ A F, findi L K : F E = A L X AF 

Therefore GL:BFz=LK:FE 

In the same manner we should find 

LK:FE = KI:ED = IU: DC, &c. 

Therefore the polygons GI and BD are similai* (II. 19). 

40* Corollary, A section of a cone made by a plane parallel 
to the base is a circle. 



•-* 



THEOREM VIII. 

41* The convex surface of a right pyramid is equal to the 
perimeter of its base multiplied by half its slant height. 

Let A-B CD EF be a right pyramid whoso 
slant height is ^ ZT ; its convex surface is 
equal to BC-^rCD + DE-^-EF-^-FB 
multiplied by half of A H, 

The edges AB, AC, AD,AE,AF, be- 
ing equally distant from the perpendicular 
AN (II. 3i), are equal (IV. G) ; and the 
bases J5(7, CD, D E, &c. are equal; there- 
fore the isosceles triangles ABC, A CD, 
A DsE, &c. are all equal (I. 48) ; and their 
altitudes are equal. The area o^ ABC is BC X^ All {\l,U)', 
of AC DinCDy, ^A II; and so on. Therefore the sum of the 
areas of these triangles, that is, the convex surface of the right 
pyramid, m (B C -{- CD + D E -{• E F + F B) J A IL 

43* Corollary, As a cone is a right pyramid (33), this dem- 
onstration includes the cone. If, therefore, li = the radius of 
the base, and S = the slant height of a cone, 

its convex surface =:i27rBlS=7rBS 

• If a plane parallel to the base and bisecting the altitude be 
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drawn, as the section will be a circle (40) with a radius and cir- 
cumference one half the radius and circumference of the base, 
therefore, if r' = the radius of this section, 

the convex surface = 2Trr' S 








THEOREM IX. 

43« The convex surface of a frustum of a HglU pyramid is 
equal to the sum of tJie perlm^er of its two bases multiplied by 
half its slant lieight. 

Let G DhQ the frustum of a right pyra- 
mid ; its convex surface is equal to G II '\- 
III-\-IK-\-KL-\-LG + BC'\-CD 
'\-DE-{'EF+ FB multiplied by half 

My. 

The lateral faces of a frustum of a right 
pyramid are equal trapezoids (39 ; II. G) ; 
and their altitudes are all equal. The area of GC (XL 14) is 
(GU+BG) X ^M^; of IID is (/// + G B) X h^^; 
and so on. Therefore the sum of the areas of these trapezoids, 
that is, the convex surface of the frustum of the right pyra- 
mid, is GII+III-\-IK -^KL-^LG ^BG+CD + 
BF+UF+FB multiplied by half MK 

44« Gor. 1. If the frustum is cut by a plane parallel to its 
two bases, and at equal distances from each base, this piano 
will bisect the edges GB, HG, IB, &c. (39) ; and the area of 
each trapezoid is equal to its altitude multipKed by the line 
joining the middle points of the sides which are not parallel 
(II. 15). Therefore the convex surface of a frustum of a right 
p}Tamid is equal to the perimeter of a section midway between 
the bases multiplied by its slant height. 

45« Gor, 2. As a cone is a right pyramid (33), this d^non- 
Btration includes the frustum of a cone. If, therefore, H imd 
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r ^ the radii of the two bases of the fmatum of a right cone, 

and >S' = ita slant hoight, 

its convex surface ^ {2 n- li -j- 2 rr) ^ S ^ {ir It -\~ jr r) S 
If r' = the radius of a section midway between and parallel 

to the bases, 

the convex surface =: 2 n- ?■' S 



THEOREM X. 



If two pfframids hamiitf equal altitudes 
'r base3 and at equal distances from 
sack other as tlieir bases. 



•-re cut hi/ planes 
their vertms, the 




jiaratlel U 
sections a 

Ijct A-nC DBF and 
G-MIK be two pyra- 
mids of equal altitudes 
AT, GW, cut by tho 
planes L M N P and 
Q^i' parallel respectively 
to the bases imd at equal 
distances from the vertices 
A and G, then 



L M NO P : QRS = BC D E F : III K 
For as the polygons LMNOP and EC DBF are similar (39) 
LMNOP : IiCDEF=ir^ : KF^=aZ^ -.TB'^^AV'' : If" 
In like manner 

Q P S : II I K ^ (TF' -.GTr' 
'BatmAV=GYB.ndAT=GW 
therefore 

LAfNOr-.BCDEF^^QRS-.IIIK 
or (Pn. 15) 

LM XO P : QRS = nC D E F : II I K 

47i Corollary. If two pyrixuiids have equal altitiidcB and 
equivalent bases, sections made by planes parallel to their bases 
ftnd at equal distances from their vertices ore equivalent. 
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THEOREM XI. 

48« Pyramids liaving equivalent Ixises and the same cUtitu 
are equivalent. 

Let A-B CD EF and ^ ^ 

G-HIK be pyramids 
having equivalent bases 
and equal altitudes ; then 
the two pyramids are 
equivalent. 

For, if at equal dis- 
tances from the vertex 
sections are formed by 
planes parallel respective- 
ly to their bases, these sections are equivalent (47). If now the 
planes forming these sections be supposed to move, remaining 
always parallel to the bases, and each keeping the same distance 
from the vertex as the other, these sections, always being equiv- 
alent to each other, will move over equal volumes ; therefore, as 
the altitudes are equal, the pyramids must be equivalent. 




THEOREM XII. 

49i A trtangular pyramid is one third of a triangidar prism 
of the same base and altitude. 

Let C-D JE Fhe Si triangular pyramid and 
A B C—D E F he & triangular prism on the 
same base BFF; then C-D E F is one 
\\{iTdo^ ABC-DEF. 

Taking away the pyramid C-D E F there 
remains the quadrangular pyramid whose ver- 
tex is C and base the parallelogram A BED. 
Through the points A, C, E pass a plulie ; it 
will divide the pyramid G-A B E D*mto two triangular pyra- 
mids, which are equivalent to each other (48), since their bases 
are halves of the parallelogram A B E i>, and they haVe tibe 
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saxae altitude, the perpendicular from their vertex C to the 
base ABED. But the pyramid C-A B E, that is, E-A B C, 
is equivalent to the pyramid C-DEF, as they have equal 
bases ABC and D E F, and the same altitude (48). Therefore 
tbe three pyramids are equivalent and the given pyramid is one 
tbird of the prism. 

50i Corollary, The volume of a triangular pyramid is equal 
to one third the product of its base by its altitude. 

THEOREM XIII. 

51 • The volume of any pyramid is equal to one third of the 
prodtict of its base by its altitude. 

Let A-BC D E F be any pyramid; its 
volume is equal to one third the product of 
its base BC BE Fhy its altitude A K 

Planes passing through the vertex A and 
the diagonals of the base BD, BE, will 
divide the pyramid. into triangular pyramids 
whose bases together compose the base of B^ 
the given pyramid and which have as their 
common altitude A N, the altitude of the 
given pyramid. The volume of the given 
pyramid is equal to the sum of the volumes of the several tri- 
angular pyramids, which is equal to one third of the sum of 
their bases multiplied by their common altitude; that is, is 
equal to one third of the product of the base BCD FE by the 
altitude A N, 

52% Cor. 1. As a cone is a right pyramid (33), this demon- 
stration includes the cone. A cone, therefore, is one third of a 
cylinder, or of any pyramid, of equivalent base and the same 
altitude. If 7? = radius of the base, A = the altitude, and 
V = the volume of a cone, V= ^n B^A. 

53i Cor. 2. The ratio of similar pyramids to one another is 
the same as that of similar prisms ; that is, as the cubes of 
homologous lines. 





82 SOLID GEOMETRY. 

THE SPHERK 

DEFINITIONS. 

51« A Sphere is a solid bounded by a curved surface, of 
which every point is equally distant from a point within called 
the centre, A sphere can be described by the revolution of a 
semicircle about its diameter, which remains fixed. 

55 • The Eadius of a sphere is the straight line from the cen- 
tre to any point of the surface. 

56t The Diameter of a sphere is a straight line passing 
through the centre and terminating at either end at the sur£ftce. 

57. Corollary. All the radii of a sphere are equal ; all the 
diameters are equal, and each is double the radios. 

THEOREM XIV. 
58 • Every section of a i^phere made hy a plane is a circle. 

Let ABD be a section made by a 

plane cutting the sphere whose centre is X^/n' "^X 
C'j then i^ AB JD A circle. ^/^^ 

Draw C^ perpendicular to the plane, (,.-— 
and to the points A^ D, F, where the \^- 
plane cuts the surface of the sphere, \ \ ' / 

draw CA, CD, C F, As C A, CD, \A J- ^^ 
C F are radii of the sphere they arc 

equal, and are therefore equally distant from the foot of the 
perpendicular CE (IV. 7). Therefore E A, ED, EF are 
equal, and the section ABD is a circle whose centre is E. 

59* Corollary. If the section passes through the centre of 
the sphere, its radius will be the radius of the sphere. 

60« Definition. A section made by a plane passing through 
the centre of a sphere is called a great circle, A section made 
by a plane not passing through the centre is called a gmcUl cirde, 

■ ■ / . 
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THEOREM XV. 

61 • The surface of a sphere is equal to the product of its diam- 
eter hy ilie circumference of a great circle. 

Let ABC BE F be the semicircle by whose ^ 
revolution about the diameter AF, the ^\)\\a^ K — ■-'■ 
may be described; then the surfac(3 otziho p 
sphere is equal to the diameter A F ilHilti- 
plied by the circumference of the circle/whose 
radius is G A, or = A F X circ. G A. '^ 

Let ABCDFFhoa regular scnii-dc rSis:on 
inscribed in the semicircle. Draw GO jj 
pendicular to one of its sides, as // C. 

Draw B Kj OP, C L, I) My EN perpendicular to the diame- 
ter A Fy and B II perpendicular to C L. The surface described 
by -ff (7 is the convex surface of the fi-ustum of a cone, and is 
equal to BC X circ. FO (45). But the triangles BOH and 
FOG are similar (II. 21) ; tlierefore 

BO : BII or XL = GO :P0 

or (III. 28) BC :KL = circ. G : circ. P 

.', BCX circ. F0 = KL X circ. G 

That is, the surface described hjBC is equal to the altitude 
KL multiplied by circ. G 0, or the radius of the circle in- 
scribed in the polygon. In like manner it can be proved 
that the surfaces described by A B, CD, BE, and EF are 
respectively equal to their altitudes A K, LM, M N, and N F 
multiplied by circ. G 0. Therefore the entire surfixce described 
by the semi-polygon will be equal to 

{AK+KL + LM-{-MN+NF)c\rQ, GO = AFX circ, GO 

This demonstration is true, whatever the number of sides of 
the semi-polygon ; it is true, therefore, if the number of sides 
is infinite, in which case the semi-polygon would coincide with 
the semicircle ; and the surface described by the semi-polygon 
would be the surface of the sphere, and the radius of the in- 
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scribed polygon would be the radius of the sphere. Therefore, 
we have the surface of the sphere equal to 

^li^X circ. GA 

62« Corollary. Let S = the surface of the sphere, C = the 
circumference, Ji = the radius, I) = the diameter, then we 
have (III. 30) (7 = 2 tt i?, or tt Z> 

Therefore S= 2nli X 2 7? = 47ri?^, or tt JQ^ 

That is, the surface of a sphere is equal to tJie square of its diame- 
ter multiplied 6y 3.14159.. ; m 

THEOREM XVI. 

63* The volume of a spJiere is the product of its surface by one 
third of its. radius, 

A sphere may be conceived to be composed of an infinite num- 
ber of pyramids whose vertices are at the centre of the sphere, 
and whose bases, being infinitely small planes, coincide with the 
surface of the sphere. The altitude of each of these pyramids 
is the radius of the sphere, and the sum of the surfaces of their 
bases is the surface of the sphere. The volume of each pyra- 
mid is the product of the area of its base by one third of its 
altitude, that is, of the radius of the sphere (51) ; and the vol- 
ume of all the pyramids, that is, of the sphere, is, therefore, 
the product of the surface of the sphere by one third of its 
radius. 

64* Cor, 1. Let V =: the volume of the sphere, and M^ By 
and S the same as in {Qi'2), Then, as (62) 

S='i7rn^, or IT JD^ 

F=47r7?2 X 17? = $7r^«, or Jfl-i)» 
That is, the volume of a sjyhere is the cube of tJie diameter multi- 
plied 6y .5235. 

65* Cor, 2. As in these equations J tt and J ir are constant, 
the volumes of spheres vary as the cubes of their radiiy or aa tlie 
c\ibes of their diameters. 
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PRACTICAL QUESTIONS. 

1. How many square feet in the convex surface of a right prism whose 
altitude is 2 feet, and whose base is a regular hexagon of which each side 
is 8 inches long ? How many square feet in the whole surface ? 

2. The radius of the base of a cylinder is 6 inches, and its altitude 3 
feet'; how many square feet in the whole surface ? 

3. What is the number of feet in the bounding planes of a cube whose 
edge is 5 feet ? The number of solid feet in the cube ? 

4. What is the number of feet in the bounding planes of a right par- 
allelopiped whose three dimensions are 4, 7, and 9 feet ? The number of 
cubic feet in the parallelopiped ? 

6. What is the number of cubic feet in the right prism whose dimen- 
sions are given in the first example ? 

6. What is the number of cubic feet in the cylinder whose dimensions 
are given ia the second example ? 

7. The altitude of a prism is 9 feet and the perimeter of the base 6 feet. 
What is the altitude and i)erimeter of the base of a similar prism one third 
as great? 

8. What is the ratio of the volumes of two cylinders whose altitudes are 
as3 : 6? 

9. How many square feet in the convex surface of a right pyramid whose 
slant height is 3 feet, and whose base is a regular octagon of which each 
side is 2 feet long ? 

10. How many square feet in the convex surface of a cone whose slant 
height is 5 feet and whose base has a radius of 2 feel, .? How many square 
feet in the whole surface ? 

11. How many cubic feet in a right quadrangular pyramid whose alti- 
tude is 10 feet, and whose base is 3 feet square ? 

12. How many cubic feet in the cone whose dimensions are given in the 
tenth example ? 

13. The slant height of a frustum of a right pyramid is 6 feet, and the 
perimeters of the two bases are 18 feet and 12 feet respectively ; what is 
the convex surface of the frustum ? 

14. What would be the slant height of the pyramid whose frustum is 
given in the preceding example ? 

15. What is the whole surface of a frustum of a cone whose altitude is 
8 feet, and of whose bases the radii are 11 feet and 5 feet respectively ? 
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10. The altitude of a pyramid is 25 feet, and its base is a Tsctangle 8 
feet by 6 ; how many cubic feet in the pyramid ? 

17. The altitude of a cone is 20 feet, and the radius of its base 5 feet; 
how many cubic feet in the cone ? 

18. How many cubic feet in a frustum of the cone given in the preced- 
ing example, cut oif by a plane 5 feet from the base ? 

19. How far from the base must a cone whose altitude is 12 feet be cut 
off so that the frustum shall be equivalent to one half of the cone ? 

20. How many square feet in the surface of a sphere whose radius is 6 
feet? 

21. How many cubic feet in a sphere whose radius is 8 feet ? 

22. What is the ratio of the volumes of two spheres whose radii -are 

as 4 : 8 y 

23. Are spheres always similar solids ? Are cones ? 

24. What is the least number of planes that can enclose a space ? 

EXERCISES. 

66« The convex surfaces of prisms or pyramids of equal altitudes 
are as the perimeters of their bases. (14.) 

67i The opposite faces of a parallelopiped are equal and paralleL 

68« The four diagonals of a parallelopiped bisect each other. 

69i A plane passing through the opposite edges of a parallelopiped 
bisects the parallelopiped. 

70i In a right parallelopiped the diagonals are equal ; a^d the 
square of each is equal to the sum of the squares of the three 
dimensions. 

71 • In a cube the square of a diagonal is three times the square 
of an edge. 

72. Prisms are to each other as the products of their bases by 
their altitudes. (25.) 

73t Prisms with equivalent bases are as their altitudes; with 
equal altitudes, as their bases. (72.) 
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74t Polygons formed by parallel planes cutting a pyramid are as 
the squares of their distances from the vertex. (39 ; II. 31.) 

75* Pyramids are to each other as the products of their bases by 
their altitudes. (51.) 

76» Pyramids with equivalent bases are as their altitudes ; with 
equal altitudes, as their bases. (75.) 

77t How can Theorem VIII. be proved from Theorem IX. ? 

78t If a pyramid is cut by a plane parallel to its base, the pyra- 
mid cut oflf will be similar to the whole pyramid. (39 ; 4). 

79t In a sphere great circles bisect each other. 

80i A great circle bisects a sphere. (54.) 

81 • The centre of a* small circle is in the perpendicular from the 
centre of the sphere to the small circle. 

82 • Small circles equally distant from the centre of a sphere are 
equaL 

83t The intersection of the surfaces of two spheres is the circum- 
ference of a circle. 

84* The arc of a great circle can be made to pass through any 
two points on the surface of a sphore. (IV. 4.) 

83* Definition. A plane is tangent to a sphere when it touches 
but does not cut the sphere. 

86» Prove that the radius of a sphere to the point of tangency of 
a plane is perpendicular to the plane. (IV. 8.) 

87« As the semi-decagon revolves about A F^ ^ 
what kind of a solid is described by the triangle p 
ABK? What by the trapezoid K Ci By LD? j^ 

88i The surface described by the line A B = ^ 

AKX circ. GO. ^^ 

Draw from G a perpendicular to A B, and from 

the point where it meets A B a perpendicular to ,^ 

A R (42.) F 

89« The surface described by the line C D '^ LMy, circ. GO, 
(15.) 
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90» Definition, The surfaces described by the arcs AB, BQj CDj 
&c. are called zones. 

91 • The area of a zone Is equal to the product of its altitude by 
the circumference of a great circle. 

92« Zones on the same or equal spheres are as their altitudes. 

93* The surface of a sphere is four times the surface of one of ita 
great circles. (62; 111.32.) 

94« Definition, A polyedron is circumscribed about a sphere 
when its faces are each tangents to the sphere. In this case the 
sphere is inscribed in the pol^^edron. 

95 • The surface of a sphere is equal to the convex surface of the 
circumscribed cylinder. (62 ; 15.) 

96« Definition, A Spherical Sector is the solid described by any 
sector of a semicircle as the semicircle revolves about its diameter. 

97» The volume of a spherical sector is equal to the product of the 
surface of the zone forming its base by one third of the radius of the 
sphere of which it is a part 

98i A Spherical Segment is a part of a sphere included by two 
parallel planes cutting or touching the sphere. When one plane 
touches and one cuts the sphere, the spherical segment is called a 
spherical segment of one hose ; when both cut, a spherical segment of 
two bases. 

99i How can the volume of a spherical segment of one base be 
found? A spherical segment of two bases? 

lOOi A sphere is two thirds of the circumscribed cylinder. 

101 « A cone, hemisphere, and cylinder having equal bases and the 
same altitude are as the numbers 1, 2, 3. 
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PEOBLEMS OF CONSTRUCTIOK 

In the preceding demonstrations wo have assumed that onr 
figures were ah-eady constructed. The Problems of Construc- 
tion given in this Book depend for their solution upon the prin- 
ciples of the preceding Books. In some of the problems the 
construction and demonstration are given in full ; in others the 
construction is given and the propositions necessary to prove 
' the construction referred to in the order in which they are to 
be used, and the pupil must complete the demonstration. In a 
few instances references are made to the Exercises appended to 
the previous Books. In such cases either the propositions to 
which reference is made can be demonstrated or the problem 
omitted. 



PROBLEM I. 

1 • To bisect a given straight line. 

Let ABhQ the given straight line. From C' 

A and B as centres with a radius greater .^'- 
than half of A J5, describe arcs cutting one I 

another at C and D ; join C and J) cutting j^ 

AB ixt E, and the line AB i^ bisected at E. 
For C and D being each equally distant from I 

A and 7i, the line CD must be perpendicu- ^j/ 

lar to AB fit its middle point (converse of b 
I. 53). 
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PROBLEM IL 



2 1 From a given point vdthout a straight line to draw a per- 
pendicular to that line. 



Let C be the point and A B the line. 

From (7 as a centre describe an arc 
cutting -4 ^ in two points E and F-y with 
E and F as centres, with a radius greater A ^>.>^ 
than half -^-^, describe arcs intersecting 
at D. Draw C D, and it is the perpen- 
dicular required (converse of I. 53). 



rr^B 



D 



PROBLEM in. 

3 1 From a given point in a straight line to erect a perpendi 
lar to that line. 



F 



A 



D 



-)-B 



E 



Let C be the given point and A B the 
given line. 

With (7 as a centre describe an arc 
cutting ^ ^ in 2> and E ; with D and E 
as centres, with a radius greater than 
D C, describe arcs intersecting at F, 
Draw C F, and it is the perpendicular required (converse of 
I. 53). 

Second Method. With (7 as a centre de- ^ ^ 

scribe an arc DEF\ take the distances 
DE ^xi^ EF equal to CD, and from E 
and F as centres, with a radius greater 
than half the distance from E to F^ de- 
scribe arcs intersecting at G. Draw CG^ D C 

and it is the perpendicular required (TIL 33 ; III. 16 ; III. 15). 



/ 



^-F 



B 
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Third Method, With any point, 2>, 
without the line A B, with a radius equal 
to the distance from D to (7, describe an 
arc cutting AB at -^ ; drflw the diameter 
E D F, Draw C F, and it is the perpen- 
dicular required (HI. 23). 




PROBLEM IV. 



4» To bisect a given arc, or angle. 

1st. Let .4^ be the given arc. Draw the 
chord A B and bisect it with a perpendicu- 
lar (1; III. 16). 

2d. Let C be the given angle. 

With (7 as a centre describe an arc cutting 
the sides of the angle in A and B ; bisect the 
arc A B with the line CJDj and it will also bi- 
sect the angle C (III. 11). 



C 




PROBLEM V. 



5» At a given point in a straight line to make an angle equal 
to a given angle. 

Let A be the given point in the line 
A Bj and G the given angle. With O 
as a centre describe an arc DF cut- 
ting the sides of the angle C; with 
^ as a centre, with the same radius, 
describe an arc; with F as a. centre, 
■with a radius equal to the distance from 
D to F, describe an arc cutting the 
arc FG, Draw A G, The angle A =z G (IIL 12; IIL 11), 
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PROBLEM VL 



6i Tlirough a given point to draig a line parallel to a gium 
straight line. 



Let (7 be the given point, and A B 
the given line. From C draw a line 
CD to AB; at (7 in the line DC 
make an angle D C E equal to C D A 
(5) ; GE is parallel to ^ i? (I. 18). 




PROBLEM VII. 



7t Two angles of a triangle given, to find the third. 



Draw an indefinite line AB; at 
any point C make an angle AC D 
equal to one of the given angles, and 
DC E equal to the other (5). Then 
EC Bis the third angle (I. 7 ; I. 33). 




PROBLEM VIII. 
8t The three sides of a triangle given, to construct tlie triangle, 

• 

Take A B equal to one of the given sides ; 
with ^ as a centre, with a radius equal to 
another of the given sides, describe an arc, 
and with i? as a centre, with a radius equal 
to the remaining side, describe an arc inter- 
secting the first arc at C. Draw A C and C By and A CB is 
evidently the triangle required. 
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PROBLEM IX. 

9i Two sides arid the included angle of a triangle given, to 
amstruct tlie triangle. 

Draw A B equal to one of the given sides ; C 

at B make the angle ABC equal to the given 
angle (5), and take BC equal to the other 
given side 3 join A and C, and ABCis evi- 
dently the triangle required. 




PROBLEM X. 

10» Ttvo aiigles and a side of a triangle given, to construct 
tlie triangle. 

If the angles given are not both adja- 
cent to the given side, find the third angle 
by (7). Then draw A B equal to the given 
side, and at B make an angle ABC equal 
to one of the angles adjacent to A B, and 
at A make an angle B AC equal to the other angle adjacent to 
A B, and ABC m evidently the triangle required. 




PROBLEM XL 

111 Two sides of a triangle and the angle opposite one of them 
given, to construct the triangle. 

Draw an indefinite line AC , 2X A ^ 

make the angle CAB equal to the 

given angle, and take A B equal to the . ^ 

side adjacent to the given angle ; with '"^ — -"' 

^ as a centre, with a radius equal to the other given side, de- 
scribe an arc cutting A C. If the given angle A is acute. 
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1st. The given side B (7, opposite the given angle, may be 
less than the other given side ; then ^ 

the arc described from i? as a centre 
will cut AC in two points, C and 2>, 
on the same side oi A, and, drawing 
BC and BD, the triangles ABC and ABD (whose angle ^i)i 
is the supplement of the angle BCA), both satisfy the given 
conditions. 

2d. The given side opposite the given angle may be equal to 
the perpendicular B E ; then the arc described from j5 as a 
centre will touch A (7, and the right triangle ABU is the only 
one that can satisfy the given conditions. 

3d. The side opposite the given angle may be greater than 
the other given side ; then the arc described from ^ as a centre 
will cut AB in C, and in another point on the other side of A. 
In this case there can bo but one triangle ABC satisfying the 
given conditions, the triangle formed on the opposite side of 
A B containing not the given angle but its supplement. 



4th. If the given angle is obtuse, the given side opposite t 
given angle must be greater than the other given side, and 
in the last case above there can be but one solution. 



the 
as 



12i Scholium. If the side opposite the given angle A is 
less than the perpendicular, or if the given angle is right or ob- 
tuse, and at the same time the side opposite the given angle is 
less than the other given side, the solution is impossible. 

13i Corollary. From this and the preceding Problem and 
Theorems VIIL, IX., and XIV. of Book I., it follows that with 
the exception of the ambiguity pointed out in the first part of 
this Problem, two triangles are equal if any three parts, of which 
one is a side, of the one are equal to the corresponding parts of 
the other. 
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PROBLEM XII. 



14* To find the centre of a given circumference or of a given 



arc. 



Let A BD he the given circumference, 
or arc. 

Draw any two chords not parallel to 
each other, slq AB, B 2>, and bisect these 
chords by the perpendiculars CB and 
CF. These perpendiculars will intersect 
at the centre of the circumference or 
arc (III. 17). 

15. Scholium, By the same construction a circumference 
may be made to pass through any three given points ; or a cir- 
cle circumscribed about a given triangle. 




PROBLEM XIII. 
16i To inscribe a circle in a given triangle. 

Let A B Che the given triangle. 

Bisect any two of its angles. With the point 2>, where the 
two bisecting lines meet, as a centre, with a . 

radius equal to the distance of D from any 
one of the sides, describe a circle, and it will 
be the circle required. 

Draw the perpendicular DE, DF, DG, 
The angles at A are equal by construction, 
and the angles A E D and A FD are each 
right angles ; therefore the triangles AD E 
and AFD are equiangular (1. 35), and the 
side A D i^ common ; therefore the triangles are equal (L 41), 
audDEz=zI)F, In like manner D E = D G, Therefore the 
circle described from i) as a centre with the radius D E will 
pass through the points F and G ; and since the angles at 
E, F, G are right angles, the sides of the triangle ABC are 
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tangents; therefore the circle EFG v& inscribed in the tri- 
angle ABC (III. 20). 

17» Scholium, The lines bisecting the angles of a triangle 
all meet in the same point. 

PROBLEM XIV. 

18t Through a given point to draw a tangent to a given cir- 

cumference. ^ 

Ist. If the given point' is in the circumference. 

Erect a perpendicular to the radius at the given point (3). 

2d. If the given point is without 
the circumference. 

Join the given point A with the 
centre C of the given circle BD E \ 
on ^ C as a diameter describe a cir- 
cle cutting the given circle in B and 
D, Draw A B and A i>, and each will be tangent to the given 
circle through the given point. For drawing the radii CB^ CD^ 
the angles Z?, D are each right angles (III. 23) ; therefore A B^ 
A D are tangents to the given circle. 

19i Corollary, The tangents AB, AD are equal (I. 50). 




PROBLEM XV. 

20t Upon a given straight line to describe a segment of a circle 
which shall contain a given angle. 

Let ^ ^ be the given straight line. 

At B mak^ the angle A BD equal to 
the given angle (5). Draw B C perpen- 
dicular to BB; bisect AB in ^, and 
from E draw E C perpendicular to A B. 
From C, the point of intersection of 
BC and EC, with *a radius equal to 
CB, describe a circle AGBF; B F A is the segment required. 
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Aa BD IB perpendicular to the radius CB B,i B, it Ish tan- 
gent to the circle, and hence the angle ABD ia measured by 
half the arc A GB (III. 54) ; and any angle B FA inscribed in 
tbe sesgaieut BFA is also measured by half ihe arc AGB 
(III. 21), and is therefore equal to the angle ABD or the given 
angle. 

21* Corollary, If the given angle is a right angle, the re- 
quired segment would be a semicircle described on the given 
line as a diameter. 

PROBLEM XVL 
22* To divide a given line into parts proportional to given lines. 

« 

Let it be required to divide A 
AB into parts proportional 
to Jf, i\r, 0. 

Draw at any angle with 
^ ^ an indefinite line A 0, 
From A cut o^ AB^ BE^ EF equal respectively to J/) N^ 0. 
Join B to F, and through B and E draw lines parallel U> BF. 
These parallels divide the line as required (11. 16). 

23. Corollary. By taking M, JSf, equal, the given line can 
be divided into equal parts. 




PROBLEM XVII. 



24. To find a fmHh propwiumal to three given lines. 




C M NO 
F 



Let it be required to find 
a fourth proportional to M, 

jar, 0. 

Draw at any angle with 
each other the indefinite 
lines AF, AG, From AF cut off AB=M, BC = Ny and 
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from ii & cut off ii 2> = 0. Join BD and through C draw 
C E parallel to BD\ then DE is the required fourth pro- 
portional (II. 16). 

25* Corollary. By taking AB equal to M, and ^2) and 
B C each equal to iT^ a third proportional can be found to M 

and iT. 

PROBLEM XVIIL 
26* To find a mean proportuyMd between two given line^ 

» 

Let it be required to find a mean MN 
proportional between if and i\r. 

From an indefinite line cut off 
AB — M,BC = F', on ^(7 as a 
diameter describe a semicircle, and 
at B draw BD perpendicular to ui (7. ^2> is the mean p^opo^ 
tional required. Join AD, DC. (III. 23 ; 11. 26.) 

27* Definition. When a line is divided so that one segment 
is a mean proportional between the whole line and the other 
segment, it is said to be divided in extreme and mean ratio. 




PROBLEM XIX. 
28 • To divide a given line in extreme and mean ratio. 

Let it be required to divide ^ ^ in extreme and mean ratio. 

At B draw the perpendicular 
BC = i AB; join AC; cut off 
CD = CB,AE = AD,VindAB is 
divided at E in extreme and mean 
ratio. 

For, describe a circle with the cen- 
tre C and radius CB and produce AC to meet the ciroumfer- 
ence in F ; then AFIbb, secant and AB a, tangent of ihe circk 
DFByOXid therefore (III. $4) 
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AF'.AB = ABiAD 
and (Pn. 18) 

AF—ABiAB = AB — AD:AD 

But . AB = 2 CB = LF 

therefore AF— AB = AF—DF=AD = AF 

and the proportion becomes 

AF:AB=zFB :AF 

or(Pn.l6) ABiAE = AEiEB 




PROBLEM XX. 

29* Through a given point in a given angle to draw a line so 
that the segments included between the point and the sides of the 
angle may be in a given ratio. 

Let it be required to draw through ^ ^^^ 

the point D within the angle B a line 
80 that AD .DOz=zMiN. 

Draw D E parallel to ^ ^. 

Find EG 2k fourth proportional to 
Jf, N, and BE (24); join C to J), " J> 
and produce GB to ^^ and j1(7 is the line required (II. 16). 



PROBLEM XXI. 

80* The base, an adjacent angle, and the oitttTtde of a triangle 
given, to construct the triangle. 

At A of the base A B draw an indefi^ 
nite line A G making the angle A equal 
to the given angle; at any point in AB, 
as D, draw the perpendicular DE equal 
to the given altitude ; through E draw EF parallel to AB cut- 
ting AG in G; join G B, and AGBis the triangle required. 




D B 



248327 
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PROBLEM XXn. 

Sl» To construct a parallelogramy having the sum of its hose 
and altUvde given, which shall he equivalent to a given square. 

On AB, the given sum^ as a diame- 
ter, describe a semicircmnference. At 
any point, as -5, in AB draw the perpen- 
dicular B C equal to a side of the given A 
square ; through draw OJ) parallel to 
A B, cutting the circumference in D ; draw /) E perpendicular 
to ^ ^. AE, EB 9xe one the base and the other the altitude 
of the parallelogram required (26). 

32* Scholium, If the side of the square is greater than 
half the sum of the base and altitude, the conistruction is im- 
possible. 




PROBLEM XXIII. 

33* To construct a parallelogram having the d^erenee hetvtm. 
its base and altitude given, which, shfUl be equivalent to a givm 
square, 

OnAB the given difference, as a diameter, 
describe a semicircmnference. At A draw 
the perpendicular ui Z> equal to a side of the 
given square ; join D with the centre C, and 
produce DC to E. DF, DE are one the a\ 
base and the other the altitude of the paral- 
lelogram required (III. 64). 




PROBLEM XXIV. 

34* To eoTistruct a square equivalent to a given paralldogram. 

Find a mean proportional between the altitude and base of 
the given parallelogrmn (26), and it will be a side of the re- 
quired square. 



BOOK vr. 101 

PROBLEM XXV. 

35*' To constntd a square equivalent to a ffiven triangle. 

Find a mean proportional between the base and half the 
altitude (26), and it will be a side of the required square. 



PROBLEM XXVI. 

• To construct a square equivalent to a given circle. 

Find a mean proportional between the radius and the semi- 
circumference, and it will be a side of the required square. 



PROBLEM XXVII. 

S7t Td construct a square efuivalewt to the sum of two given 
squares. 

Construct a right triangle (9) with the sides adjacent to the 
right angle equal respectively to the sides of the given squares ; 
the hypothenuse will be a side of the required square (II. 27). 

38* Scholium. By continuing the same process we can find 
a square equivalent to the sum of any number of given squares. 



PROBLEM XXVIII. 

39* To construct a square equivalent to the difference of ttoo 
given squares. 

Construct a right triangle (11), taking as the hypothenuse a 
side of the greater square, and for one of the sides adjacent to 
the right angle a side of the other square ; the third side of 
the triangle will be a side of the required square (II. 28). 



102 



PLANE GEOMETBT. 



PROBLEM XXIX. 




40* To construct a triangle equivalent to a given pclygon. 

Let AD \yQ the polygon. b 

Draw B D cutting oflF the triangle 
BCD; through 67 draw (7 -F parallel 
to BD; join BF, and a polygon 
AB FE is formed with one side less 
than the given polygon and equiva- ^ ^ ^ 

lent to it. For the triangles BOB and BFDy having the 
same base B Dy and the same altitude, are equivalent ; adding 
to each the common part AB VB, we have ABC JDF equiv- 
alent to A BFF. In like manner a polygon with one side 
less can be found equivalent to A BFF, and by continuing the 
process the sides may be reduced to three, and a triangle ob- 
tained equivalent to the given polygon. 

41 • Scholium. Since by (35) a square can be fouM equiva- 
lent to a given triangle, by (40) and (35) a square caH be found 
equivalent to any polygon. 



PROBLEM XXX. 

42» On a given line to construct a polygon similar to a given 
polygon. 

Let ^ 2> be the given poly- 
gon and ML the given line. 

Draw the diagonals AF, 
AD, AC. At M and L 
make the angles GML and F B 

GLM equal respectively to AFE and AFF, and a triangle 
GLM will be formed similar to A F F. In like manner on 
GL construct a triangle similar to -4 Z> -^; on G K one similar 
to A CD', on GI one similar to ABC; and the polygons AB, 
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KGy being composed of the same number of similar triangles 
similarly situated, are similar (II. 75). 



PROBLEM XXXI. 

4S« Tioo similar polt/gons being giveUf to construct a similar 
polygon equivalent to their sum, or to their difference. 

Find a line whose square shall be equivalent to the sum (37), 
or to the difference (39), of the squares of any two homologous 
&i4es of the given i)olygons, and this will be the homologous 
side of the required polygon (II. 31). On this line construct 
(42) a polygon similar to the given polygons. 




PROBLEM XXXIL 

44 • To construct a square which shall he to a given square in a 
given ratio. 

On any line AC, »& a diameter, 
describe a semicircumference ABC ; 
divide the line AC a,t the point D 
so that -4 Z> : i>(7 in the given ra- 
tio. Perpendicular to -4 C draw 2> ^ ^ G 
meeting the circumference at B ; join BA, BC, and on B Cf, 
produced if necessary, take BF=q, side of the given square. 
Through F draw EF parallel to A C, meeting ^^ in £, smd 
BB IBB, side of the required square. 

For as J? is a right angle (III. 23), we have (IL 72) 

BFJ'.BF^ — EG'.GF 
But as -^-P is parallel to A C, we have (IL 47) 

EG\GF—AB\BC " 

therefore (Pn. 11) 

BE^:BF^ = AD .DC 
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PROBLEM XXXlIL 



45* To trucrihe a 



circle. 



Draw two diameters ACy BD 9X right 
angles to each other, and join AB^ 
EC, CD, DA] uij5(72> is the required 
square (III. 23 ; III. 12). 

46* Corollary, By bisecting the arcs 
AB, BC, CD, DA, and drawing the 
chords of these smaller arcs, a regular 
octagon will be inscribed in the circle. By continuing this 
bisection regular polygons can be inscribed having the number 
of their sides 16, 32, 64, and so on. 




PROBLEM XXXIV. 

47« To inscribe a regular hexagon in a given circle. 

Take A B equal to the radius of the 
given circle, and it will be a side of the 
hexagon required (III. 33). 

48» C&rollary, By drawing A C, CD, 
DA B,n equilateral triangle will be de- 
scribed in the circle. By bisecting the 
arcs AB, BC, &c,, and continuing this 
besection as in (46), and drawing the chords of these smaller 
arcs, regular polygons can be inscribed having the number of 
their sides 12, 24, 48, 96, and so on. 




PROBLEM XXXV. 

49* To inscribe a regular decagon in a given circle. 

Divide the radius -4^ in extreme and mean ratio at the point 
D (28), and take BC ^^^ AD, the greater segment, and it will 
be the side of the required decagon. 
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Draw ACy CD. The triaogles ACB^ 
DCB are similar (11. 23); for they have 
the angle £ common, and by oonstruction 

ABiAD = AD:DB 

but AD = BG 

therefore AB:BC = BG :BD 

Therefore, as ACB is isosceles, BOB is also isosceles, and 
CD = CB ; therefore also CJD = DA, and A CD is an isos- 
celes triangle, and the angle Az=i AC D, But the exterior 
angle BDC^iA-^-ACD^z twice the angle A, Therefore, 
as B^=BDC, B = twice the angle A. But B=zACB; 
therefore the sum of the three angles A, B, and A CB is e<^ual 
to five times the angle A ; or the ' angle A is one fifth of two 
right angles, or one tenth of four right angles; therefore the 
arc B C is one tenth of the circumference, and the chord B C 
a side of a regular decagon inscribed in the circle. 

. 50* Corollary, By drawing chords joining the alternate 
angles a regular pentagon will be inscribed. By proceeding as 
in (46) regular polygons can be inscribed having the number of 
their sides 20, 40, 80, and so on. 



PROBLEM XXXVI. 

51* To inscribe a regtUar 'polygon, of fifteen sides in a given 
circle. 

Find by (47) the arc A (7 equal to a sixth 
of the circumference, and by (49) the arc 
A B equal to a tenth of the circumference, 
and the chord B C will be a side of the pdy^ 
gon required. 

52t Ciyrollary. Proceeding as in (46) regular polygons can 
be inscribed having the nimiber of their sides 30, 60, and so on. 
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PROBLEM XXXVn. 




5S« To circwnucribe about a given circle apclj^gon Hmilar ta a 
ffiffcn iiucribed regular polygon. 

Let AD \m the given inscribed poly- 
gon. Through the points A^ B^ C, D, 
£f F draw tangents to the circumference. M 
These tangents intersecting will form the 
polygon required. 

For the triangles AGB^ BHC, &c. 
are isosceles (19) ; and as the arcs A B^ 
B (7, dbc. are equal, the angles GAB, 
GBA, HBCy UCBy &c. are equal 
(111. 54) ; therefore, as the bases AB, BC, &c. are equal, these 
isosceles triangles are equal. Hence the angles Gy ff, I, JTy 
Z, M are equal, and the polygon MI is equiangular; and as 
GB = BH=ffC = GI, &c., 6?Zr= J7/, &c. ; therefore the 
polygon if / is equilateral and regular (II. 32). It is also sim- 
ilar to ^ 2> (II. 33) ; and as its sides are tangents it is circum- 
scribed about the circle. 

Slff Corollary, As (45-52) regular polygons can be in- 
scribed having the number of their sides 3, 4, 5, 6, 8, 10, 12, 
15, 16, 20, 24, 30, 32, 40, 48, 60, 64, 80, 96, and so on, regu- 
lar polygons having the number of their sides represented by 
these nimibers can also be circumscribed about a given circle. 

EXERCISES. 

55t From two given points to draw two equal lines meeting in a 
given straight line. (I. 53.) 

56t Through a given point to draw a line at equal distances from 
two other given points. 

57t From a given point out of a straight line to draw a line mak- 
ing a given angle with that line. (I; 17.) 
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58* From two given points on the same side of a given line to 
draw two lines meeting in the first line and making equal angles 
with it 

59t From a given point to draw a line making equal angles with 
the sides of a given angle. 

60ff Through a given point to draw a line so that the parts of the 
line intercepted between this point and perpendiculars from two 
other given points shall be equal 

If the three points are in a straight line, the parts equal what? 

(1 • From a point without two given lines to draw a line such 
that the part between the two lines shall be equal to the part between 
the given point and the nearer line. 

When is the Problem impossible ? 

(2« To trisect a right angle. 



!• On a given base to construct an isosceles triangle having 
each of the angles at the base double the third angle. 

C4ff To construct an isosceles triangle when there are given 
1st. The base and opposite angle. 
2d. The base and an adjacent angle. 
3d. A side and an opposite angle. 
4th. A side and the angle opposite the base. 

C5t The base, opposite angle, and the altitude given, to construct 
the triangle. (III. 22.) (20.) 
When is the Problem impossible ? 



The base, an angle at the base, and the sum of the sides given, 
to construct the triangle. 

When is the Problena impossible ? 

(7t The base, an angle at the base, and the difference of the sides 
given, to construct the triangle. 

1st. When the given angle is adjacent to the shorter side. 

2d. When the given angle is adjacent to the longer side. 
Wlien is the Problem impossible ? 

68* The base, the difference of the sides, and the difference of 
the angles at the base given, to construct the triangle. 
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M« The base, ike angle at the vertex, imd the 6am of the sides 
given, to construct the triangle. 
When is the Problem impossible? 

70t The base, the angle at the vertex, and the difference of the 
sides given, to construct the triangle. 

71 • On a given base to construct a triangle equivalent to a given 
triangle. 

72t With a given altitude to construct a triangle equivalent to a 
given triangle. 

73t Two sides of a triangle Mid the |>erpendicular to one of them 
from the opposite vertex given, to construct the triangle. 

71* Two of the perpendiculars from the vertices to the opposite 
sides and a side given, to construct the triangle* 

1st When one of the perpendiculars &Us on the given side. 
2d. When neither o( the perpendiculars falls on the given side. 

75* An angle and two of the perpendiculars from the vertices to 
the opposite sides given, to construct the triangle. 

1st When one of the perpendiculars finlls from the vertex of the 
given angle. 

2d. When neither of the perpendiculars frdls from the vertex of 
the given angle. 

7(t An angle and the segments of the opposite side made by a 
perpendicular from the vertex given, to construct the triangle. 

77* Given an angle, the opposite side, and the line from the given 
vertex to the middle of the given side, to construct the triangle. 
When is the Problem impossible ? 

78» An angle, a perpendicular from another angle to the opposite 
side, and the radius of the circumscribed circle given, to construct the 
triangle. 

When is the Problem impossible ? 

79» To divide a triangle into two parts in a given ratio, 
Ist By a line drawn from a given point in one of its sides. 
2d. By a line parallel to the base. 
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80t To trisect a triaagl<» by straight lines drawn from a point 
within to the vertices. 

81* Parallel to the base of a triangle to draw a line equal to the 
sum of the lower segments of the two sides. 

82* Parallel to the base of a triangle to draw a line equal to the 
difference of the lower segments of the two sides. 

83* To inscribe in a given triangle a quadrilateral similar to a 
given quadrilateral. 

81** To divide a given line so that the sum of the squares of the 
parts shall be equivalent to a given square. 

85* To construct a parallelogram when there are given, 
1st. Two adjacent sides and a diagonal 
2d. A side and two diagonals. 
3d. The two diagonals and the angle between them. 
4tlL The perimeter, a side, and an angle. 

86t To construct a square when the diagonal is given. 

87* To construct a parallelogram equivalent to a given triangle 
and having a given angle. 

88* To draw a quadrilateral, the order and magnitude of all the 
sides and one angle given. 

Show that sometimes there may be two different polygons satisfy- 
ing the conditions. 

89* To draw a quadrilateral, the order and magnitude of three 
sides and two angles given. 

1st. The given angles included by the given sides. 

2d. The two angles adjacent, and one adjacent to the unknown side. 

3d. The two angles being opposite each other. 

4th. The two angles being both adjacent to the unknown side. 

In any of these cases can more than one quadrilateral be drawn ? 

90* To draw a quadrilateral, the order and magnitude of two 
sides and three angles given. 

1st. The given sides being adjacent. 
2d. The given sides not being adjacent. 
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fl« In ft giYen circle to inscribe a triangle similar to a given 
triangle. 

92* Through a given point to draw to a given circle a secant sudi 
that the part within the circle may be equal to a given line. 

tt* With a given radius to draw a cifcumferenoe, j 
1st Through two given points. 

2d. Through a given point and tangent to a given line. i 

3d. Through a given point and tangent to a given circumference. ! 
4th. Tangent to two given straight lines. 

5th. Tangent to a given straight line and to a given circiunferenoe. j 
6th. Tangent to two given circumferences. 

State in each of these cases how many circles can be drawn, and j 

when the construction is impossible. ) 

fit To draw a circumference, 

1st. Through two given points and with its centre in a given line. 

2d. Through a given point and tangent to a given line at a given 
point ': 

3d. Tangent to a ^ven line at a given pointy and also tangent to a | 
second given line. j 

4th. Tangent to three given lines. ] 

5th. Through two given points and tangent to a given line. i 

6th. Through a given point and tangent to two given lines. 

95* To draw a tangent to two circumferences. 

There can be drawn, 

1st When the circles are external to each other, four tangents. - 

2d. When the circles touch externally, three. 

3d. When the circles cut, two. 

4th. When the circles touch internally, one. 

5th. When one circle is within the other, none. 
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